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Exercise 19: By integrating derivatives of aharmonic function g(x,y) we recover one of its
harmonic conjugates h(x, y) andthenset f(x +1y) :=g(X, y) + 1h(X, y) to recover an analytic
function f(z). Therecovery of an analytic expression f fromaharmonic expression g that
isalso areal analytic function of each of its arguments can be achieved more easily by setting
f(2) = 29((zy*+2)/2, 1(z5—2)/2) forany z,=X,+ 1y, insidethedomainof g; explainwhy. If
this procedure fails to recover afunction f analytic throughout the domain of g, explain why.

Explanation: A well-formed expression provides aformulato evaluate an analytic function by
means of finitely many operations of addition, subtraction, multiplication, division, roots, log,
cos, tanh, etc. For example, f(2) := Z>—1/z leadsto aformula g(x, y) 1= x® —y? —y/(x? + y?)
for the harmonic function g that satisfies f(x +1y) =g(x,y) + 1h(x,y) when x and y arereal.
This g(x,y) isaformulaalso for area analytic function of each of x and y when they are
reinterpreted as complex variables. And after suitable complex expressions are substituted for x
and y intheformula 2g((w+2)/2, (w-2)/2) it simplifiesto f(z) + (an expressionin w), which
recovers f from g withina “constant” without integrating derivatives. Does this always work?

Thecomplex conjugate of f(x +1y) :=g(x,y) + 1h(x,y) is f(x +1y) :=g(x, y) —1h(x, y) when x
and y arerea. This f(z) isgenerally not an analytic function of z because g and —h violate
the Cauchy-Riemann conditions. However ®(z) := f(z) is an analytic function of z because
d(x +1y) = g(X, =y) —1h(x, —y) forreal x and y hasreal and imaginary parts g(x, -y) and
—h(x, —y) that inherit satisfaction of the Cauchy-Riemann conditionsfrom g(x, y) and h(x, y).
For later reference note that the domain of ®(z) isthe complex conjugate of the domain of f.

We are given aharmonic g and wishtorecover f (withinaconstant) without first constructing
g’s harmonic conjugate h (within a constant). Eliminating h from foregoing formulasyields
20(%,y) = f(x +1y) + d(x —1y) . Thisrelation among functionsisalso, presumably, arelation
among expressions (formulas), and as such isarelation among formulas into which independent
complex variables may be substituted for x and y becauseall three functionsare analytic in their
arguments no matter whether real or complex. An apt substitution is suggested by the equations
X = (z+2)/2 and y = 1(z-z)/2 inwhich z isreplaced by an independent complex variable w,
say. Thus 2g((w+2)/2, (w-2)/2) = f(z) + ®P(w) = f(2) + f(w) provided w ischoseninthe
domain of @, whichputs w inthedomainof f andof f. Thelast equation deliversaformula
for f(z) withinaconstant when w isheld constant. Almost.

Thisformulafor f can malfunction in two ways. Oneway occurswhen w doesnot liein the
domainof f; for examplewhen g(x, y) = x? —y? —y/(x? + y?) the choice w := 0+ 10 makes
29((W+2)/2, 1(W-2)/2) = o instead of z2—1/z + (finite constant) . Thismalfunction is predictable

because g(x, y) misbehavesaround (0, 0) inthe (X, y)-plane, so f(z) must be expected to have
asingularity at z=0=10 inthe z-plane. The second kind of malfunction is more subtle.

If not simply connected, thedomaininthe (X, y)-planewhereon g(X, y) isharmonic may extend
beyond the domain in the z-plane whereon f(z) isdifferentiable. Try the Principal Value of

f(2) :=log(z) whoserea part g(x, y) = log(x? + y?)/2 isharmonic everywherebut at (0, 0); its
29((w+2)/2, 1(w=2)/2) = log(w-z) isdiscontinuous acrosstheray z/w <0 instead of z<O0.

In general 2g((w+2)/2, (W-2)/2) — f(z) may take several “constant” values. Try f(2) :=V(22).
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