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A holomorphic function f(z) is declared to satisfy the equations
f2)=In(1+ f(2)=%42, f(@©):=0 and '(0):=1.

Here “In(1 + f(z)) " is thePrincipal Logarithm with —t< Imag(In(...))< t. Other equations
satisfied by f(z) are

f(2) = exfff(2) - #/2) -1 and f2) = z-(L + Yf(2)) ;
the latter equation is &ingular differential equation with twdregular solutions from which the
one selected here satisfies the initial conditions f(0) :=0 &(@) :5+1. The selected
solution has araylor Seriesexpansion about the point z =0 obtainable by repeated implicit
differentiation of the equation f-¥z-f + z and subsequent substitutionof z=0 and f=0:

fr+(fY=zf+f+1 f0)=+1 (-1 isrejected);
f-f" +3f-f =z-f +2f f(0)=2/3;
f-f" +4f-f" +3(f" )2 =z-f" +3f f"(0)=1/6; andsoon....

Thus f(z) =z +43 + 236 — 2/270 + 2/4320 + £/17010 — 13945443200 + $/204120 — ...
in the intersection of the domain of f(z) with the circular disk inside which this series converges.

What is the radius r of that disk? Whyis nrAt2 35449 ?
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The Cauchy-Hadamardformula r = liminf,_ . |a, requires a formula for the coefficients

a, of Z' inthe series, but | know no such formula. Numerical computation of the coefficients
does not help much because they vary so irregularly that convergence to r is slow; for instance,
lag 44 = (469459 -27)44 = 3966
layg V45 = (441717, 529y /4= 4267
lagel 0= (332176 ,5-28) /0= 3957
lau7/"V/47 = (131482 528y V/47= 3919
laygl V4= (259963 ;—29) /48 = 3940

The series’ radius of convergence is the distance r from z =0 to the nearest singularity of a
function F(z) that agrees with f(z) on the intersection of their domains, but the domain of F(z)
extends as far as analytic continuation can take it beyond the d@nafnf(z), which is the

region swept out by 215\/(2(W—In(1+w))) as w sweeps through the whole complex plane.
Domain S=-S=5 lies inside a four-pointed star, the image of logarithm’s slit where w < -1 :

Domain of f(z)
T

\
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If z :i\/( 2(w—In(1+w))) is to cross from insidé& to outside this star-shaped region, w
must cross the logarithm'’s slit, crossing the line where w <-1 and In(1+w) juniiafay

but for the sake of z's continuity “In(1+w)” must be replaced by an adjacent branch of the
logarithm function. In other words, only for nt¥ can z :_H/(Z(W—In(1+w) —-2nm)) get
somewhat beyond the boundary $finto a larger domain for the analytic continuation F(z) of
f(z) . Within this tentatively extended domain F(z) satisfies

F(z) - In(1 + F(2)x 2im=Z2/2 and F(z) =eX{F(z) - Z/2) -1 and Rz)=z-@1 + UF(2)).

The domain is extended “tentatively” because it contains singularities of F(z) that affect its
analytic continuation beyond them. The tentative enlargement lies between tSe stawn
above and a bigger star whose boundary is traced by-V{ 2(w—In(1+w)+ 2i7)) as w runs
along the slit whereon w <-1. Here is a picture with singularities marked by “x”:
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F(z) has singularities inside the tentatively extended domafm) o wherever F(z) =& z.
The singularities nearest z =0 a@eanch Pointsat +z = 2/+1t1 = (1+1)-V21= 2.5066-(11) .
These determine the radius of convergence of the Taylor series; it i¢rr. =A% z traces a

path starting at z = 0F(z)'s value depends on how the path wends among the singularities.

ol

This problem illustrates an obstacle impeding the automation of the algebra of transcendental
complex analytic functions. Computerized algebra systems likeLs] MATHEMATICA and
DERIVE can cope with only the simplest domains, if any. For instance, these programs can
compute as many as you like of the coefficients of the Taylor series of IBt(zhot . The
accurate numerical computation of F(z) is another interesting story for some other day.
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