Math. 55 Discussion of two problems in the text.

Problem 14 () on page 34:
Let variables w, X, Yy, Z run over the students in a class.

Let propositional function C(x, y) stand for “Students x and y have chatted.” It seems
obvious that C(x, y}» C(y, X) . Not so obvious is whether C(x, x) is ever True.

The proposition to be formalized is
“There are two students in the class who have not chatted.”
This proposition is ambiguous in English; both meanings will be formalized in turn. To keep
expressions from overflowing the line, the abbreviation
G(x, y) = ((x2y)aC(x,Y))
will be used; it is the proposition “Students x and y are distinct and have not chatted.” The
term “(x#y)” ensures that G(x, X) be False regardless of C(X, X) .

First meaning: “There areat least two students in the class who have not chatted” turns into
X Oy G(X, y) ( the answer most likely intended ).

Second meaning:“There arejust two students in the class who have not chatted” turns into
[x Oy Ow Oz ( G(x, y)a [ GW, 2) » (((W =Xz = y)) AW =yh(z =x))]) .

It could just as well be written
X Oy (G(x, y)a Ow 0z [G(W, 2) » (((W =XW(z = Y)W =Yz =X))]) .

(It cannot be writtenIx [y G(x, y) which is always False because G(xeyi(y, X) .)

In class on Thurs. 28 Jan. a student raised the interesting question “Can this proposition be
expressed with three quantifiers instead of four?” He offered an expression like

Xy (G(x, ¥)~0z[~C(z,y) = (2=X)]),
but this proposition is True for a class with three students X, Y, Z inwhichonly Y and Z have
chatted with each other, and Y has chatted with himself. Any correct expression of the form

X Oy ( G(x, y)A 0z P(X, Y, 2)) ,
in which P is a predicate with no quantifier, would have to distinguish two classes each with four
students A, B, X, Y, among others, in which X has not chatted with Y . In one class everyone
except X and Y has chatted with everyone else, and the expression would have to be True; in
the other class A has not chatted with B just as X has not chatted with Y but otherwise
everyone has chatted with with everyone else, and the expression would have to be False. But
P(X,Y, z) is the same for all choices z in both classes. Therefore no correct P without any
guantifiers can be constructed.

The problem could be solved easily with two quantifiers if the variables ran not over individual

students but over pairs of distinct students. Thus, our choitlniverse of Discoursenay
sometimes determine whether our problem’s solution will be simple or complicated.
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Math. 55 Discussion of two problems in the text.

Problem 26 on page 20 :

For definiteness we consider compound logical propositions L(p, g, r) of three logical variables.
The text explains that every such proposition h&isgunctive Normal Formconsisting of a
“ disjunction of conjunctions of the variables or their negations.” In other words,

L(p.g.1) = U UcU... G
in which every [ IS Ragatly, and pis either p or~p, and gis either g or~q, and i
is either r or=r. The number n of termg depends upon L. This Disjunctive Normal Form
intended by the text’s author is obtained directly from the Truth Table of L as follows:

p q r c L(p, g, 1)
T T PAQar
T F PpAaga-r
F T pa-gnar
F Ppaaga-r
T T SpPAQar
F F PAQAT
F T PASQAaT
F PA(gar

For every instance of T in the column “L(p, g, r)” select the corresponding conjunction in the
column “c” for inclusion in the disjunction. For instance, when L(p, g, r) isqjp- r,

(Pr@) o1 = (PrganN) O(Pa=ga-n)OEPAGaAN) O(EPAGAT)
exhibits L(p, g, r) inits Disjunctive Normal Form. When L is the trivial proposition False it
has no conjunctions; its Disjunctive Normal Form is “False”. But this form is often inefficient;
it can require many conjunctions for simple propositions. For example, when L is the trivial
proposition True it requires the disjunction of all eight conjunctions c .

A different Disjunctive Form ( DF) can be defined in a way not quite inconsistent with the
wording in problem 26. It allows a conjunctiop to omit some (or all) of the variables. This

DF of True isjustitself; this DF of(jglr is itself instead of the disjunction of seven
conjunctions c. Unfortunately this DF is not unique; see the text's Chapter 9. For instance

(Pr@) o1 = (PAQaN)TEA=qa=NOEPATT) = (PAqaN) TO(ga=nN) OEPA=T).

What is the maximum number of conjunctionstieat any L(p, g, r) needs for this DF ?

(Answer: Four. Example: Agar) O(=pa-gan) OEpaqa-n)O(a-ga-r) L)

Prof. W. Kahan ruaryFeb1999 2:21 pm



