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Matlab’s Inversesof Hilbert Matrices

Hilbert matrices arise from least-squares fitting of polynomialsto arbitrary functions over the
interval 0<t<1 asfollows:

Givenafunction y(t), find coefficients &; of polynomia p(t) := ZOsj<N 3 U that minimize

Jo' (V) ~y(v)*arr .
The minimizing coefficients form a column vector x :=[&q, &1, ..., En_q]" that satisfies the
Normal Equations H-x=b
inwhich column b :=[Bg, By, .-, BN-1]T has elements f3; ::jolTi-y(T)-dr, and matrix H has
elements 8 := X 1").dt = 1/(i+j+1) inrow #i+1) and column #(j+1) . This H isan N-by-N
Hilbert matrix. Matlab hasafunction to generate H from the statement H = hi Il b(N) :

function H = hilb(n)

WiLB Hlbert matrix.

% HLB(N is the Nby Nmatrix with elements 1/(i+-1),

% which is a famous exanpl e of a badly conditioned natrix.

% See INVHLB for the exact inverse.

%

% This is also a good exanpl e of efficient MATLAB programmi ng
% style where conventional FOR or DO | oops are replaced by

% vectorized statenents. This approach is faster, but uses
% nore storage.

% C Mler, 6-22-91.
% Copyright (c) 1984-96 by The Mat hWrks, Inc.
% SRevision: 5.4 $ $Date: 1996/08/15 21:52:09 $

% |1, J and E are matrices whose (i,j)-th el ement
% is i, j and 1 respectively.

1:n;

J(ones(n, 1),:);
J';

ones(n, n);
E/(1+3-1);

Im—«o

Hilbert matrix H is “badly conditioned” becauseitiscloseto asingular matrix, much closer as
N getshig. Consequently, tiny perturbations like those that occur when reciprocals 1/(i+j—1)
are rounded off cause the computed inverse of H to change drastically, moresoas N getshig.
To avoid those perturbations, function hi | bl (N) computes L-H for the smallest positive
integer L such that all quotients L/(i+j—1) areintegers computed exactly.

function [ H L] = hilbl(n,2z)
% H=HLBL(N is ascaled Nby-N hilbert matrix Hi,j) = L/(i+-1)

% with scale-factor L so chosen that all entries are integers.
% H=HLBL(N z) is another scaled Nby-N hilbert matrix with

% elenents Hi,j) = L/(i+-1+z) for any nonnegative integer z .
% Restriction: 2N+z < 44 , to ensure that no rounding error occurs.
% See also HLB and |NvHLB W Kahan, 9 March 1996

if (nargin<2), z=0; end

Prof. W. Kahan Page 1/4

Thic Aaniimant wwiae rrastad wiith Cramallalar A N A



Math. 110 May 2, 2002 12:24 pm

if (z<0) | (z~=round(z)),
error( " HLBL(N z) requires a nonnegative integer z .')
end
L=2*n+z-1; if (L>42),
error( " HLBL(N z) wll not run with 2Ntz > 43 .'")
end % It's the best | care to do without an Inexact flag.

%--- 1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, . ..

LLLL =[1,2,3,2,5,1,7,2,3, 1,11, 1,13, 1, 1, 2,17, 1,19, 1, 1, 1,23,...
1, 5, 1, 3, 1,29, 1,31, 2, 1, 1, 1, 1,37, 1, 1, 1,41, 1] ;

%--- 24,25,26,27,28,29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42.

LLLL = cunprod(LLLL(1:L)) ; 9% LLLL(i) =LOMZL:i) for i =1:L.

% ( LOM1:43) would change when rounded to 53 sig. bits.)

L = LLLL(L) ;

x =[1n] 5y = (x+x(z-1))." ;

H=L./( x(ones(n,1),:) + y(:,ones(1,n)) ) ;

Inprinciple, H™X = L-(L-H)™* could be computed using Matlab’s i nv(..) function, but this
incurs rounding errorsthat cause about as much damage aswould rounding off H's elements. To
avoid that damage, aspecial function i nvhi | b(N) canbeusedinstead of i nv(hil b(N)) :

function H = invhilb(n)

% NVH LB Inverse Hlbert matrix.

% INVHLB(N is the inverse of the Nby Nmatrix with elenents
% 1/(i+-1), which is a famous exanpl e of a badly conditioned
% matrix. The result is exact for N Iess than about 15.

%

% See also HLB

% C Mler, 4-30-87.
% Copyright (c) 1984-96 by The Mat hWrks, | nc.
% SRevision: 5.3 $ $Date: 1996/08/15 21:52:11 $

p=n
H = zeros(n);
for i =1:n
ifi >1 p=((ni+l)*p*(n+i-1))/(i-1)"2; end
r = p*p;
Hi,i) =r/(2*i-1);
for j =i+lin
r=-((n-j+)*r*(n+-1))/(j-1)"2;
Hi,j) =r/(i+-1);
Hij,i) =r/(i+-1);
end
end

Assupplied by Matlab, theforegoing program’sclaim “exact for N lessthan about 15" isnot
quiteright; it may have been valid for some old machine with wider floating-point precision than
is standard nowadays. Now the correct clamis “exact for N <12.” For larger dimensions N

the elementsof H™, though all integers, are so big that they have to be rounded off to different
integersthat fit into 53 sig. bits.

The algorithm used by i nvhi | b(..) isbased upon the observationthat H™X = DHD for a
diagonal matrix D . It can be computed in several ways, hereisanother that is more general:
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function W= invhilb(N z)
% INVHLB(N z) is the inverse of the Nby-N nmatrix H= HLB(N 2)

% whose elenents are Hi,j) =1/ (i+-1+z) . If omtted, z =0 ;
% then H is the notoriously ill-conditioned hilbert natrix.
% INVHLB is conputed not from inv(H but froma conparatively
% sinple fornula, published by Sam Schechter in MIAC (1959),
% that gives accurate results despite ill-condition. If 2z is a
% nonnegative integer, so are all elements of abs(INvVHLB(N z))
% except for roundoff, which interferes only for (N 2z) beyond
% (12,0) - (12,2) - (11,5) - (10,7) - (9,10) - (8,16) - (7,19) -
% (6,39) - (5,67) - (4,165) - (3,573) - (2,13774) - (1, 94906265)
% when conputed to 53 sig. bits in |EEE 754 Double ( REAL*8 ).
% (O W Kahan, Feb. 19, 1994
if (nargin<2), z=0; end
X =[0:N1] ; u=2z+1; y = (x+u)." ;
if (z=0) ,
p=N; % ... The nost coomon case is the fastest:
elseif ((0<2z) &(z ==round(z)) & (z < N),
p=N(N1) ; for j =2z, p=(p/j)*(Nj) ; end
else, %... The nost general case is the slowest:
p=u; for j =1N1, p=(p/j)*(ut) ; end
end
u=1[p, zeros(1,N1) ] ;
for j =1LN1, u(j+1) = (( (u(j)/(j+2))*(j-N )/j)*(Ntj+z) ; end

W= (u.'"*u)./( x(ones(N1),:) + y(:,ones(1,N) ) ;
if ((0<=2) &(z ==round(z))), W= round(W ; end

Let W bean estimateof H™ computed somehow. How can we ascertain W's (in)correctness
using arithmetic no more accurate than was used to compute W ? When its elements should all
beintegers, anon-integer isan error revealed in Matlab by computing W - round(W . If this
turns out to be all zeros, further tests must be performed to ascertain whether W’'s elements are
the correct integers. What tests will not be confounded by roundoff?

Let the elementsof M be the reciprocals, al small integers, of the corresponding elements of
H; in Matlab compute M = round( 1.0 ./ H) . (The round(.) operationisrequiredto
clean out rounding errorsonly for N >24.) Then v = w/ M should have elements all exactly
integers, and therefore computed exactly by Matlab, if the alleged inverse W is correct; and
then sun( V) shouldturnout to bearow of 1's, each also computed exactly as asum of integers
of alternating signs. Do you see why roundoff does not contaminate these sums?

Exercise: Use the foregoing tests to compare different estimatesfor H™ computed by Matlab
from each of
inv(hilb(N)) , round(inv(hilb(N)) , L*inv(hilbl(N) ,
round(L*inv(hilbl (N))) , and invhilb(N
for N=1, 2,3, ... inturnto determine when each kind of estimate breaks down.

Recall that the singular matrix S nearest H isdistant fromit by |[H=S||= Y/||H™Y|. (Thisis
proved as Theorem 7 inthe note “Huge Generalized Inverses of Rank-Deficient Matrices’,
http: //ww. cs. ber kel ey. edu/ ~wkahan/ Mat hH110/ G | i t e. pdf ). Thenorm ||...|| hereis

Matlab's norn(..) . Evenarough computation of H™* revealshow near H isto singular; any
estimate W= H™ provides an estimate ||H-S]|| = ||W||. How widely can estimates W vary?
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Programslike Matlab’s i nv(..) computeinversesby Gaussian Elimination or, equivalently,
triangular factorization in which roundoff causes i nv(H) to differ from HL by not much more
than (H+AH)™ can differ if ||AH||= N-€-|H||, although i nv(H) # (H+AH)™ for any such small
perturbation AH . Here € =eps = 1/2°2 is Matlab's roundoff threshold. In other words,

although a computed W = i nv(H) isnot necessarily the inverse of any matrix H+AH differing
from H by at most about N rounding errorsin each element of H, the computed inverse W is

not much farther from H™ than theinverse (H+AH)™ of such aperturbed H. And
(H+AH) ™t —H = HLAH (H+AH), so
IH+AH)™ = HH < IHHMIAHIHIH+AH) Y = NeIHYHIHIHIH-AH) )
Therefore any estimate W of H™! obtained from i nv(..) should satisfy roughly
IW—H| < N |H{IWI? provided N-g{H]| << 1/|W[| = [H-S]] .
Thelast proviso says “ H ismuch farther than N rounding errors from the nearest singular
matrix S.”

Butif |[H-S]| isnot much bigger than N-€-||H||, then w= inv(H may well be computed far

too inaccurately for the bound upon ||W—H‘1|| aboveto betrusted. Usually Matlab issuesa
Warning: Matrix is close to singular or badly scal ed.
Results may be inaccurate. RCOND = 3.572099e-17."

The displayed value RCOND = 2/(|H||-[[W]]) is Matlab’'s estimate of ||[H-S||/|[H]|, but it may
be wrong by an order of magnitude because ||H+AH — S|| may vary by that much or moreas AH

variesby several rounding errors per element of H . Consequently [[(H+AH)™| = 1/|H+AH — S|
may vary that much, and therefore so may ||W||, and consequently somay W, depending upon
the rounding errors occurring during its computation.

Thelast “consequently ...” follows from the observation that the norm of a matrix changes by no more than the
norm of its change: | [W+AW]|| - W] | < J]AW||; can you see why?

In summary, if H istoo nearly singular, different computations may yield estimates W of H™

that look very different. However, provided all the estimates are no worse than (H+AH)™ for
roundoff-like perturbations AH , the diverse estimates W usually have thisin common:
They are all nearly scalar multiples one of another.
Thisisexplained on pp. 3-4 of the note “Jacobi's Formulafor the Derivative of a Determinant”,
http://ww. cs. ber kel ey, edu/ ~wkahan/ Mat hH110/ JACOBI . pdf .
An alternative explanation in terms of the singular values of H+AH is more illuminating but
requires alittle more technical machinery; it’'sastory for another day.

Exercise: Usedifferent formulas, like those near the bottom of the previous page, to compute
diverseestimates W1, W2, ... fortheinversesof N-by-N Hilbert matriceswith N big enough
to elicit Matlab’s “closeto singular” warning, and display their elementwiseratios W. /W in
Matlab’s format short to see how nearly these estimates are scalar multiples of each other.
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