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Abstract
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Chapter 1

INTRODUCTION

Supersymmetry is an extension of the Poincaré and internal symmetries. It relates
particles with different spins, and its algebra is the only graded Lie algebra that is con-
sistent with the S-matrix symmetries in quantum field theories.[1] As a consequence,
in addition to being mathematically elegant, supersymmetry might play an important
role in physics. In this paper, we omit the standard discussion of the supersymmetry
algebra. Therefore, the reader without any prior knowledge in supersymmetry might
not benefit much from this paper. Nevertheless, instead of a detailed introduction
to supersymmetry, we include below some interesting aspects of supersymmetry and
hope that they would interest the newcomers to the subject.!

The Standard Model of particle physics based on the gauge group SU(3)c X
SU(2)w x U(1)y provides a very accurate description of the strong and electroweak
interactions up to present accelerator energies. Its accuracy, however, is not expected
to persist at arbitrarily high energies since new phenomena, such as the quantum

effects of gravity, are expected to become important. Hence, the Standard Model

To those who become excited enough by this presentation and wish to pursue studying super-
symmetry, we recommend Refs.[1] ~ [7] for the supersymmetry algebra and Refs.[8] ~ [18] for more
physical aspects of supersymmetry.
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12 CHAPTER 1. INTRODUCTION

is likely to be an effective theory at low energy and is accompanied by problems
such as the “hierarchy problem” which is the puzzle of why the ratio between the
electroweak scale O(100 GeV') and the Planck scale O(10' GeV) is so large. There
are currently two plausible solutions suggested in addressing these problems. In
one approach, new fundamental fermions and forces? are introduced in lieu of the
fundamental scalars.[19] The other solution involves a new symmetry that allows the
exact cancellations of all quadratic divergences. The simplest model of the latter type
is the Minimal Supersymmetric Standard Model (MSSM), in which the symmetry
group is a direct product of the standard gauge group and the N = 1 supersymmetry.
Supersymmetric theories predict that every boson (fermion) has a fermionic (bosonic)
superpartner which has the same mass. Since this phenomenon is not observed in
nature, supersymmetry must be spontaneously broken if it is an exact symmetry of
the fundamental laws. Consequently, theoretical probing of supersymmetry breaking
is an important topic of interest.

One of the prominent features of supersymmetry is that it contains much fewer in-
dependent parameters than a non-supersymmetric theory with the same particle con-
tent and gauge symmetry. Supersymmetry gives relations among observables; and if
supersymmetry is softly broken, these relations get modified by radiative corrections.
In particular, relations among the observables in the Higgs sector can receive large
corrections from radiative effects. This distinctive feature of supersymmetry might
solve the hierarchy problem to allow the electroweak breaking scale O(100 GeV') to
coexist with the unification scale O(10' GeV).

In supersymmetric gauge field theories, certain quantum fluctuations of bosons
and fermions cancel, and a certain set of gauge invariant Green’s functions are re-
lated by supersymmetric Ward-Takahashi identities. Attributed to these features,
supersymmetric gauge field theories, unlike their non-supersymmetric analogues, al-
low for the possibility of exactly calculating the vacuum expectation values of certain
gauge invariant composite operators.[20] Since the properties of the vacuum are be-

lieved to be determined by the non-perturbative aspects, we then have a means of

2Known as technicolor.
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studying the non-perturbative features of supersymmetric gauge field theories.

We now end our brief discussion of a few motivating concepts in supersymmetry
and plunge into the core of this paper. Perturbative calculations in supersymmet-
ric field theories can be greatly facilitated by using superfield Feynman rules in su-
perspace. In addition to providing numerous simplifications, supergraph techniques
maintain supersymmetry manifest throughout the calculations. These advantages are
further enhanced in supersymmetric gauge theories if super background field method
is utilized to maintain the explicit gauge invariance. However, these improvements are
acquired at the cost of having to deal with some new problems. For example, addi-
tional infrared divergences[21, 22] hinder loop calculations in the superspace approach.
Although this problem can be solved by using a non-local gauge-fixing term|[23] with
regularization by dimensional reduction[24], the method is rather complicated.

Renormalization of perturbative quantum field theories is a well-defined concept.
Pauli-Villars, point splitting, and dimensional regularization are some examples of
successful regularization procedures that are widely used. However, although some
regularization procedures manifestly preserve the gauge symmetry, there exists no
satisfactory procedure that explicitly maintains the significant symmetries of super-
symmetric and chiral gauge theories. Differential renormalization is a procedure that
has a potential to remedy this problem.

Differential renormalization[25] is a method that regularizes and renormalizes the
coordinate space amplitudes that are too singular to have well defined Fourier trans-
formations into the momentum space. No explicit cutoff or counterterms arise in this
approach, and the renormalization procedure can be greatly simplified. Furthermore,
infrared divergences generally do not appear, and this feature has naturally motivated
us to use the technique in studying supersymmetric gauge theories. In this paper, we
extend the differential renormalization technique to the aforementioned superspace
formalism. Although differential renormalization becomes rather cumbersome to use
in gauge theories with complicated tensor structures, we have observed that the su-
perspace approach reduces some of this burden. In order to check the consistency of

our work, we compute the S-functions of supersymmetric gauge theories and compare
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the results to previous calculations cited in the literature.

This paper is organized as follows: In Chapter 2, we introduce supersymmetric
gauge theories in superspace, as well as some important formalisms that underlie
the structure of superspace. In Chapter 3, we extend the ordinary background field
method to superspace. We first present the basic mathematical development required
for the discussion and, then, apply the method to both abelian and non-abelian super-
symmetric gauge theories. In order to familiarize the reader with differential renormal-
ization, we give a brief introduction to the method in Chapter 4. Chapter 5 contains
materials directly pertinent to the title of this paper. The reader already familiar with
superspace and differential renormalization may feel free to jump to this chapter. In
Section 5.1 we differentially renormalize supersymmetric quantum electrodynamics
and derive the f-function to two-loop order. We discuss the renormalization of su-
persymmetric Yang-Mills theory and its one-loop -function in Section 5.2. Finally,
we make some concluding remarks in Chapter 6.

Anyone who has ever tried to master supersymmetry would know that there are
too many different conventions used in the literature. Some conventions are preferred
over others for reasons of simplifying computations, saving time and paper, or per-
haps personal preference. However, it is important to develop a consistent set of
conventions in order to carry out a coherent communication, so we need to fix our
conventions before we can embark on any serious investigation. This task is done
in Appendix A. In Appendix B, we discuss the Gegenbauer technique of evaluating

Feynman integrals.



Chapter 2

SUPERSYMMETRIC GAUGE
THEORIES IN SUPERSPACE

In this chapter, we discuss the supersymmetric extensions of quantum electrody-
namics and Yang-Mills theory. Since the latter is conceptually more difficult than
the former, we discuss the latter first. With the exception of Chapter 4, we work
in superspace formalism throughout this paper. Hence, we begin with a brief intro-
duction to superspace in Section 2.1. We then discuss the theoretical framework of
supersymmetric Yang-Mills theory in Section 2.2, and supersymmetric quantum elec-
trodynamics in Section 2.3. In Section 2.4, we summarize the super Feynman rules

for massless supersymmetric gauge theories.
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16 CHAPTER 2. SUPERSYMMETRIC GAUGE THEORIES IN SUPERSPACE

2.1 A Modest Introduction to N =1 Superspace

2.1.1 General Formalism

N = 1 superspace is an 8-dimensional manifold which can describe off-shell field
representations of the supersymmetry algebra. It has 4 familiar spacetime coordinates
x* and 4 Majorana spinors, ¢ (o = 1,2) and g (& =1,2). While 2% coordinates
satisfy the usual condition

[xa’xb] = 0, (2.1.1)

6> and 5’6 form a Grassmann algebra
0°,0°y = {8°,8y = {0°,7} = 0. (2.1.2)

Just as the ordinary spacetime can be viewed as the coset space Poincaré/Lorentz,
superspace can be considered as the coset space Super-Poincaré/Lorentz [17, 27, 12].
Rather than belaboring the mathematical development that underlies this structure,
let us discuss some important implications of taking this view. First, define ¢ and

£% to be anticommuting Majorana spinors that satisfy
[, anything} = 0 and [£% anything} = 0, (2.1.3)

where [, } is the graded Lie product, equivalent to a commutator when “anything”
is bosonic, and an anticommutator when “anything” is fermionic. Then, the super-

symmetry transformation on superspace is realized by the transformations|27]

¢ — 2 = 2% —i (s%gd?d + g%gdea) : (2.1.4)

—/cv

0 — 0 = 0+  and 00 — 0% = 0"+ (2.1.5)

We observe that in order for the transformations to preserve correct dimensions, 6, 6, ¢

and € all must have mass dimension —%. The generators @, and Q) of supersymmetry
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are represented by the following differential operators on the supermanifold[27]:

Qo = i(a;:a — i@ﬂagg aa> and Q, = i(% — i 00, aa> (2.1.6)

As expected from the supersymmetry algebra, these supercharges have mass dimen-

sion —i—%. It is trivial to check that they satisfy the correct anticommutation rules®

Q@) = 2080, and  {QuQs} = 0 = {@.Qs). (217

The supercharges @, and Q, generate coordinate transformations in superspace by
mixing the £ coordinates with the §* and " coordinates. We call this a supertrans-
lation in contrast to the Poincaré transformations which do not mix the two types of
coordinates. For example, the translation generators P* = 10, of the Poincaré group

transform the coordinates as
r* — 2" = 2%+ (2.1.8)

0° — 0 = 6>  and 0 — 0° = 0", (2.1.9)

where ¢* is a constant spacetime vector. In ordinary quantum field theories, the

spacetime derivative 0, is translation invariant, since
[0, By = [04,i05] = 0. (2.1.10)

In supersymmetric quantum field theories, however, the supertranslation generators
Q. and @, are not invariant under supertranslations, because the anticommutator
in (2.1.7) does not vanish. We need to find derivatives, say D, and Dy, that are

invariant under super and ordinary translations; that is,

{Qu, Dg} = {Q4, D} = {Qu, Dz} = {Qs, Dy} = 0 (2.1.11)

!These rules correspond to the case with vanishing central charges.



18 CHAPTER 2. SUPERSYMMETRIC GAUGE THEORIES IN SUPERSPACE

and

[P., Dg] = [Pa, Dg] = 0. (2.1.12)

We state without proof that the explicit representations of these derivatives are[27]

) 6 — 9
D _ Yy Ds = |2 + i6%%, 8,). (2.1.1
N <890‘ + iy, 3a> and é <(99 + 1003, 6a> ( 3)

These derivatives are covariant with respect to the Poincaré, chiral, and isospin
transformations|27], and they are appropriately called the “covariant derivatives.”

Using (2.1.13), one can show that the covariant derivatives satisfy the following iden-

tities:
{D,,Ds} = 2i0%, 0, (2.1.14)
[D° D°| = 4i (0*)** 0u D, (2.1.15)
{D.,Ds} = 0 = {Ds, Dy}, (2.1.16)
D?*D°D? = 160D? D’D*D’ = 160D, (2.1.17)
D" =0 = D", Vn>3 neZ, (2.1.18)
D;[(Dy+++DuDy---DyF)G| = (DiDy-+-DyDy---DyF) G (2.1.19)

2.1.2 Superfields

Superfields S(z, 0, ) are multispinor funtions on superspace and give linear represen-
tations of the supersymmetry algebra [17, 18, 26]. Superfields transform as scalars
under supersymmetry and as multispinors under the Lorentz symmetry. Component
fields are obtained from a superfield by expanding the superfield in terms of  and

as follows:

S(z,0,0) = s(x)+0n(z)+0&(x) + 00m(z) + 00n(x) + 050 A, ()
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+ 000 \(z) + 000 (x) + 0000d(x) (2.1.20)

The expansion terminates at the 668 level, since 6, and 6, are Grassmann variables.
The component fields shown in (2.1.20) form a general multiplet, which is reducible.
Hence, we need to impose covariant constraints to obtain irreducible representations

on superfields. In particular, a superfield ® characterized by the constraint?
D'® =0 (2.1.21)
is called a chiral superfield. Similarly, a superfield ® satisfying the constraint®
D® = 0 (2.1.22)

is called an antichiral superfield. Sometimes, ® and ® are collectively called scalar
superfields. These superfields contain the matter fields as their components. Another

type of superfield obeying the condition
V =V (2.1.23)

is called a real or a vector superfields. Vector superfields play the analogous role
of gauge fields in ordinary quantum field theories; in fact, the ordinary gauge field
resides in the vector super-multiplet. We will not attempt to write down the ex-
plicit component expansions of the constrained superfields. This omission should be
forgivable since we will not make any reference to component fields in this paper.
Also, we believe that this is one less convention by which the reader might get con-
fused. However, one very important fact needs to be discussed about component

fields. Supersymmetry transformation for a superfield is defined as[17]

0:5(2,0,0) = (cQ +2Q) S(x,0,0), (2.1.24)

2p* is defined in (2.1.13)
3D is also defined in (2.1.13)
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where () and € were defined in the last section. We know that () transforms a
component field into other component fields with mass dimensions less or greater
than the original field by % However, the component field with the highest dimension
can only transform to fields whose dimensions are less by % That is, in terms for
the fields shown in (2.1.20), the supersymmetric variation of d contains 1 and A, but
there is no field in the multiplet that has higher dimension than d. We also know that
the dimension of ¢ is —%. Therefore, since the supersymmetric variation of a field
must have the same dimension as the field itself, we conclude that the variation d.d
contains terms proportional to a total spacetime derivative of ) and \. It is generally
true that the component field with the highest mass dimension transforms into a
spacetime divergence. Another important point that one should bare in mind is that

all renormalizable supersymmetric theories can be constructed in terms of vector and

scalar superfields.

2.1.3 Integration and Functional Differentiation in Super-

space

Since superspace has anticommuting coordinates, we need to define the notion of
integration over anticommuting variables. Integration over Grassmannian variables
should be familiar to those who have worked with the path integral formalism in quan-
tizing gauge theories. The Berezin integral|[28] for a one-dimensional anticommuting

variable 7 is defined as

/dn =0 and /dn n = 1. (2.1.25)

If we adopt this definition into superspace, it is straightforward to show that

/d26 ? =1  and /d2§ 7 =1 (2.1.26)
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Hence, it appears that integration is equivalent to differentiation; that is, we can

formally define
1 — b=
/d29 = —,0°0,  and /d26 = - 9"Da (2.1.27)

Under an integral over the spacetime measure d*z , the spinoral derivatives 9* and 9%

may be replaced by the covariant derivatives D and Ed, respectively. For example,

S(z,0,0). (2.1.28)

/dsz S(x,0,0) /d4x 420 4%9 S(x,0,9) /d4

Notice that the covariant derivatives D2D" acting on the superfield S(z,0,0) will
pick out the component with the highest mass dimension. However, we argued in
the last section that this component field transforms into a spacetime divergence
under supersymmetry transformation. Thus, we conclude that the integral shown in
(2.1.28) is invariant under supersymmetry transformations. As we will discuss in the
forthcoming sections, this is how invariant actions for supersymmetric quantum field
theories are constructed.

Having defined how we can integrate over Grassmannian variables, we proceed to

consider a delta function in f-space. A very sensible definition of §4(, — 6,) = 6, is

/d26’1 420, £(6,,0,) 6, = [f(6,,8,), (2.1.29)

where f is an arbitrary function. Consider the case where f = 1. Then, (2.1.28)
implies that
1

T DQD 0 = 1 (2.1.30)

under a spacetime integral. A specific representation that satisfies this condition is

S = 4(0, — 0,)* (0, — 0,), (2.1.31)

and we will use this definition throughout this paper. An immediate consequence of
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adopting this definition is
D%5%(0,) = D?2(6; —6,)> = 4 (2.1.32)
Since 6, and 6, are Grassmannian variables, we know that
(o) =0 =(@)" . Vn>2 neZt, (2.1.33)
and this implies that
b 0 = 6,00 = 6,0° = 5,0, = 0. (2.1.34)

Consequences of this property that will be of great importance to us in evaluating

super Feynman graphs are

512512 = 512Da512 = (51250'1512 = (512D2512 = 51232512
= 512Da5d512 = 512D23d512 = 512Da52512

= 0, (2.1.35)
and

6.,D*D°6,, = 6,,D°D%*,, = 6,,D°D°D,b,, = 6,D"D*Ds6,, = 16 6.,.

(2.1.36)

Another property that we will use repeatedly in Chapter 5 is the transfer rule defined

Da(z) [09(0, = 0,) f(x1 — 22)| = —Da(2) [0, = 0.)f (2w, — )| . (2.1.37)

We complete this section with a remark on functional differentiation in superspace.
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Functional differentiation for vector superfields V' is defined as

= 6%(21). (2.1.38)

For chiral superfields, however, the defining condition D4® must be extended to

— 0D(z)
b “5D(2,)

= 0. (2.1.39)

The same ideas apply to antichiral superfields as well. Hence, we judiciously define[29]

(o)

0P(z) 124 P(z) 1o,
= —4D1(5 (212) and o) —4D1(5 (212) (2.1.40)

=%

2.2 Non-Abelian Theory (SUSY Yang-Mills)

The normalized generating functional* for an ordinary pure gauge field theory is given
by
Z[J] = N / (DA) elSo(D+5:(2.4) (2.2.41)

where S, is the gauge invariant classical action for the gauge field A, S, the gauge
breaking source term for source J, and N the normalization constant. In supersym-
metric gauge theories, the role of gauge field A is taken up by a real superfield V',
J is also a real superfield, and the normalization constant N is equal to unity [27].
For example, the super generating functional for supersymmetric Yang-Mills theory

takes the form

Z[J] — /(DV) 6[SO(V)—I—SS(J,V)]7 (2.2.42)
where the gauge invariant classical action is

1

Sy =
6492

Tr / dlz 29 WW, , W = D’ (D), (2.2.43)

4We work in Euclidean z-space throughout this paper.
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and the source term is

S, = Tr / &z gV (2.2.44)

Since this is a non-abelian theory, the superfield V' is Lie-algebra-valued; that is, V =
VeT,, where T, are the generators of the gauge group. Furthermore, the generators

satisfy

[TayTb] = 1 abc Tc ; facdfbcd - 02(G)5ab7

Te(T,Ty) = T(R)da , T, T, = C(R)I. (2.2.45)

The action shown in (2.2.43) is real, except for possible surface terms—for example,
from instanton contributions [30]. This absence of the hermitian conjugate will greatly
reduce the number of supergraphs we need to consider.

We proceed now to discuss the underlying gauge symmetry of the theory. It is

trivial to show that (2.2.43) is invariant under the gauge transformations
eV = et eV e, (2.2.46)

where A and A are Lie-algebra-valued chiral and anti-chiral superfields, respectively.
In order to determine how V' transforms under (2.2.46), we can use the Baker-

Campbell-Hausdorff formula[18]
exp (M)exp (N) = exp {M + Ly [N + (COth £M/2) : N} + - -}, (2.2.47)

where £/, is the Lie derivative whose action is defined as £y;/2- N = [M/2, N|, and

coth (£ M/g) is given by its power series expansion with the definition

oo - L) o

k

Upon using (2.2.47) and (2.2.48), we obtain the following transformation law for V'
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[27]:
0V = V' =V = iyp |- (A+A )+ (coth Ly2) (A= A)] (2.2.49)

By using (2.1.27) and expanding the superfield strength W in terms of the vector

superfield V', we can rewrite (2.2.43) as

S, = —1592 Tr /dSz (e’gvDo‘ egv) D’ (e’gvDa egv)

1 8 a2 1 « 2
- 1—6Tr/dz {VD D’DuV + 1¢ gV {D°V. DDV}

+ Higher order in V} : (2.2.50)
The first term in (2.2.50) can be rewritten as
VDD’D,V = —8VOII, 4V, (2.2.51)

where II;/, is one of the superspin projection operators II; = (Iloy,Ily/2,1p-), i €
{1, 2,3}, defined as
=2
D*D"D
= - — ¢ 2.2.52
I, = (22.52)
and
D’D? D?D’

H0+ = 16—|:\’ HO, = 16—|:\’ HO = H0++HO,. (2253)

As the usual projection operators do, the superspin projection operators satisfy
H0+ + H1/2 + HO, = HO + H1/2 =1 and HZH] = 52]1_[1 (2254)

Given these facts, we note that the kinetic operator OII; /5 in (2.2.51) is not invertible
because the superspin zero part V, = II,V gets annihilated by II;/,. This failure
should not be a big surprise since we have not fixed the gauge yet. However, we

can infer from the failure that the gauge fixing term should take the form VOII,V .
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Indeed, as it will be discussed in Section 2.4, if we take the gauge fixing term to be
1 g 1 8
T /d 2 SVOIV = ——Tr /d (D*v), (2.2.55)
!

then the part of the action quadratic in V' becomes invertible. Before we proceed
with calculating the propagator, let us first consider how we could implement the
gauge fixing term into the action while preserving unitarity. As in ordinary field
theories[31, 32, 33], unitarity can be maintained by adding ghost superfields to the

action. An appropriate gauge fixing function is
F=DV-f=0 (orF:DW—?:o). (2.2.56)
The Faddeev-Poppov determinant Arp corresponding to this choice of gauge is
App = / (DADR) 6 (D*V' ~TF)6 (D'V' — 1), (2.2.57)
where V' as originally defined in (2.2.49), is
V= VHEVIA+EV)A +---. (2.2.58)
After inserting an identity 1 in the form of (2.2.57), (2.2.42) becomes

ZlJ] = / (DV) App / (DADK) 5(021/'_7) 5(52V/ _ f) o(So54)
- / (DV) AzL / (DADR) 5 (DV — )5 (DV — f) el
(2.2.59)
where the last equation follows from a gauge transformation. Because of the delta

functions, we only need to consider Anp for D*V = f and D’V = f. Furthermore,

since the main contribution to Az} comes from A, A ~ 0, we may ignore terms with
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more than one A or A [17]; so, we have
App| = / (DADK) 6 (D* (¢(V)A+E(V)A)) 6 (D (£(V)A+E(V)A)), (2.2.60)

where the vertical line beside App indicates that we are evaluating App at D?V =

7, DV = f. We can now introduce ghost superfields to obtain the inverse functional

determinant
A;H = / (DCDC'DED?) exp (Srp)
- / (Dch’DEDE) exp {—%Tr /d491: /d29 ¢D’ (S(V)c + E(V)E)
+ / 4’6 D ((V)e + E(V)E)} }
= /(DCDCIDEDE) exp {Tr/dsz X (2.2.61)

{(@+¢) £vp [@+ ) + (coth £y5) (c = )] }} .

c and ¢ are chiral ghost superfields while ¢ and ¢’ are antichiral ghost superfields. We
used their chirality and antichirality in the second equation of (2.2.61) to extract a

total measure d®z . Lastly, we average over f and f as follows:

/ (DSDF) exp [—16;2& / a8z 7f] (2.2.62)

Hence, the final super generating functional for supersymmetric pure Yang-Mills the-

ory is

21)] = [ (DVDeDIDEDE) exp(Ssusy va)

1
6492

= / (DVDCDC’DED?) exp{ Tr / d*z d%0 WewW,

- ﬁTr / &z (DV) (D°V) + Tr / &z Jv
+Tr / A%z (¢ +) £vp |+ ) + (coth Lyz) (¢ — )] } (2.2.63)
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Interactions between matter and gauge superfields are given by the action
Sy = /dSz et . (2.2.64)

® and ® are chiral and antichiral superfields, respectively, and they transform under

gauge transformations as
d — NP and o — D, (2.2.65)

thus leaving (2.2.64) gauge invariant. In general, if we wish to consider the matter-
gauge interaction, we simply need to change the integration measure, add new sources

for matter, and include additional gauge invariant actions in (2.2.63).

2.3 Abelian Theory (SQED)

The supersymmetric extension of massless quantum electrodynamics (QED) is given

by the following classical action [18]:
1 — —
S0 == [z wew, + / &z (B0 + T D) (2.3.66)

W, is the chiral superfield strength defined as W, = ﬁQDaV. Under infinitesimal

local gauge transformations, the gauge and matter superfields transform as
SV =i(A - N), (2.3.67)

A and A are chiral and anti-chiral superfields, respectively. As in the non-abelian
case (c.f. (2.2.51)), the kinetic operator for the gauge superfield is not invertible,
and we need to fix the gauge. Usual steps can be taken to obtain the same gauge
fixing term as in (2.2.55); of course, the trace can be ignored since we are currently

dealing with an abelian gauge symmetry. However, since (2.3.67) does not depend
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on V, the abelian analogue of the Faddeev-Poppov determinant in (2.2.57) can be
dropped from the generating functional. In other words, we don’t need to introduce
ghost superfields in the abelian theory. Hence, the complete supersymmetric quantum

electrodynamics (SQED) action including the source terms is given by

1 _ —
Ssqep = @/dGZ WeWw, + /dsz <¢)+69V¢>+ + CID_e_gVCI)_)
b
16a
+[dGes + o) + [+ 78) + [,

/ &2(D*V)(DV) (2.3.69)

where .J and V denote vector superfields; ®. and j. chiral superfields; and j, and &
anti-chiral superfields. Lastly, we remark that the coupling constant g is related to
the usual electric charge e in QED by g = v/2e. This definition is necessary to have
the correct coefficients for the component field strength Fj,, F'*” and for the gauge

connection in the spacetime covariant derivative.

2.4 Super Feynman Rules

In this section, we discuss the super Feynman rules for SQED and SUSY Yang-Mills
theory. We first derive the propagators for the gauge and matter superfields and,
then, discuss the rules for vertices.
As can be seen from (2.2.50), (2.2.51) and (2.2.55), the part of the action quadratic
in V is
v [ % [VIZ\ (Hl/2 + éno) v} . (2.4.70)
This expression is easily invertible, and we obtain the following gauge superfield

propagator without much effort:
1
(TV(2)V(z) = (M +oll) = 0%(z). (2.4.71)

In Fermi-Feynman gauge (o = 1), by the property of projection operators shown in
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(2.2.54), the propagator takes the simple form

TVEWVE) = = 886 = _%ﬂﬁ 5o (2.4.72)

Although we will not deal with the matter-present Yang-Mills theory in this paper,
let us also derive the propagator for matter superfields for completeness. The free
part of (2.2.64) and source terms, where matter superfields are coupled to the chiral

source j and antichiral source j, are
— /dsz 30 + /d6z o+ /dﬁz 7. (2.4.73)

Before we can perform the super functional integral, we need to promote all integra-
tion measures to the full measure d®z . Let us explicitly discuss how this can be done
for the j® term. Since ® is a chiral superfield, we know that D°D2® = 160®. Then,

we can write

1 .
/d% o = /d6z jg0 D D
1
_ /dﬁz D (j—mlp%p)
— ——/dsz J— (2.4.74)

where chirality of 7 was used in the second step, and (2.1.27) was used in the last

step. Similar arguments can be applied to show that

-2
o 1 D" _
/dﬁz jo = —Z/dﬁz 2 (2.4.75)

Hence, (2.4.73) is equivalent to

su = fau Jen(! [ 2] 1@ :;:j
4 0O

1
= /dsz (QUTZ n + 77T§2>. (2.4.76)
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Now, the generating functional can be evaluated to give[34]

_ 1
/ (DDT) %0 = exp <—§ / d*2 QTzlﬂ)

= exp (—/dsz jl:\lj), (2.4.77)

ZMo[j>3]

and we can read off the matter propagator
<T 6(21)@(22)> = —E 58(212) = 2l 2 512. (2478)

If we have an interaction action S;(®, ®), then we can find the vertices by using

(2.1.40) on the generating functional[30, 34]

253 = o0 |5 (57| Zulid (24.79)
By virtue of (2.1.40), we must include a factor of —iﬁQ for each chiral superfield line,
and a factor of —iDQ for each antichiral superfield line leaving a vertex. However,
there are exceptions to this rule. If the interaction action is of the form [d®z ®”,
then one factor of —iEQ must be used to convert the measure into d®z . Therefore, if
the vertex is purely chiral, we must omit one factor of —iﬁ% Similarly, if the vertex
if purely antichiral, we must omit one factor of —iDQ. The vertices for the vector
and ghost superfields can be read off directly from (2.2.50) and (2.2.61).

We summarize below the z-space super Feynman rules for massless supersymmet-

ric gauge theories:

(1) The gauge and matter propagators, respectively, are

TVEWV() = ———— L 5 (2.4.80)

472 (2, — 2,)2

and

(T F(=)0 (=) — %ﬂﬁa (2.4.81)

(2) Vertices are determined directly from the interaction Lagrangian as in ordinary
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iEQ for each (antichiral) chiral

field theories. Include a factor of (—iDQ) -
superfield line leaving a vertex. However, omit a factor of (—iDQ) —iEQ for a

purely (antichiral) chiral vertex.

(3) Integrate over internal total superspace coordinates zj,; = (Zint, Oint) and exter-

nal 6 coordinates 0.,;.

(4) Consider symmetry factors for each supergraph.



Chapter 3

BACKGROUND FIELD
METHODS

In quantizing gauge field theories, gauge invariance manifest at the classical level is
usually lost when a specific gauge is chosen. In the language of Lagrangian field the-
ory, the gauge invariance of the classical Lagrangian is broken when the gauge-fixing
and ghost terms are introduced. As a consequence, although physical quantities com-
puted are gauge invariant and gauge-fixing independent, unphysical quantities such
as counterterms are not gauge invariant. The background field method is a formalism
which allows one to choose a gauge while maintaining the explicit gauge invariance
of the original Lagrangian. In this method, counterterms are also gauge invariant
[35, 36] and computations are greatly facilitated. Therefore, the background field
method is a powerful technique for studying the renormalizability of gauge theories.

The conventional background field method is first discussed in section 1. In section
2, we describe the superspace background field method (SBFM). In Section 3.3, we
apply the SBFM to SUSY Yang-Mills theory and in Section 3.4 to SQED.
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3.1 Ordinary Background Field Method

The background field method was first developed by DeWitt[37] for one-loop compu-
tations, and it was later extended in references[38, 39| for higher orders of perturbation
theory. In this section, we consider the version which is applicable to multi-loop com-
putations. As a particular model, we consider the pure Yang-Mills theory, for which

the generating functional is given by

2] = [(DA) (D) (D7) exp {z T [ dt

+ EFP(Aa Uﬁ) + JMA;L:| } )

EYM(A) + ,CGF(A)

1 :
Lyu(4) = —3 (72,). F, =8,A, —8,A, —igl[A,, A,

Lop = —% (7). (3.1.1)

All fields are Lie algebra valued; that is, A = A*T,, etc., where T* are elements of
the Lie algebra of the gauge group. A typical choice of G is G = 0*A,, and Lpp
is the Faddeev-Popov ghost term corresponding to det [%}, where w is the gauge

parameter. Ly, is invariant under an infinitesimal gauge transformation
dA, = Ow+iglw, A, (3.1.2)

but Lgr and Lrp have residual terms.
The main idea of the background field method is to choose a gauge which maintains
an explicit gauge invariance with respect to the background field. We begin the

procedure by replacing the gauge field A in the classical action Ly, by
A, =Qu+ By, (3.1.3)

where @), denotes the quantum field and B, the background field. In the functional
integral, only the @), field couples to an external source. Also, we remark that we do

not integrate over the B field, but only over the @) field. In terms of @) and B, the
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gauge transformation in (3.1.2) is
0A, = 0(Qu+ By) = Ouw +igw,Qu+ By, (3.1.4)

and it has the following two interpretations[35, 36]:

(a) Quantum transformation:
0B, =0, 0Q, =Vw+igw,Qul,
where V, =0 + ig[ ,B,]. (3.1.5)
(b) Background transformation:

0B, = V,w, 0Q, =1ig[w,Q,]. (3.1.6)

We proceed now to fix the quantum gauge. We carefully choose a gauge so that the
gauge invariance with respect to the background gauge transformation in (3.1.6) is

retained. For example, if we choose the gauge-fixing function
G(Q,B) =Y"Q, = 0"Qu+1ig[Qu By, (3.1.7)

and an appropriate Faddeev-Popov ghost term, then the generating functional

2.8 = [ @A) @) @esp (i T [a's [£ran@+B) - 5 (¢)]

+ Lrp(Q, B,n,7) + J”Qu} (3.1.8)

is invariant under (3.1.6).

We now wish to establish relationships between the ordinary generating function-
als and the analogous ones in the background field method. Taking () — () — B in
(3.1.8) gives

Z[0,B] = Z[J,B] exp {—iTr / dip J“BM}, (3.1.9)
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where Z[J, B] is the conventional generating functional with the background field
dependent gauge-fixing and ghost terms. In our example, the gauge fixing function
for Z[J, B] is

G(Q,B) =V"Q,—0"B,. (3.1.10)

Z (Z) is related to the generating functional W (W) for the connected Feynman
iw
diagrams by Z = eV (Z =e ). Using this definition and (3.1.9), we can write

WI[J,B] = W[J,B] —Tr/d4x J'B,. (3.1.11)
We proceed by making the Legendre transformations to get

r[Q,B] = W[J,B] - Tt / d'z J"Q,

LQ.Bl = WILB-T [d's Q)

— W[J,B]-Tr / d'z J* (Q, + B,

= T[0, B]‘§:§+B. (3.1.12)
In particular, evaluating (3.1.12) for @ = 0 gives
Lo, B] = T[Q,Bll;_,. (3.1.13)

which suggests that I'[0, B] is equivalent to the usual effective action I" with an unusual
gauge-fixing term given by (3.1.10). T'[0, B] is a gauge invariant functional of B; it
can be used to generate the S-matrix, and physical quantities calculated will be equal

to the results obtained by using the conventional I' [35].
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3.2 Superspace Background Field Method (SBFM)

3.2.1 Representations of Supersymmetric (Gauge Theories

Supersymmetric gauge theories can be formulated in either chiral or vector repre-
sentation [27]. In the chiral representation, the abelian theory is first developed by
investigating its off-shell representation using prepotentials which can be used to find
covariant derivatives. In the vector representation, the approach is in the opposite
order to the one taken in the chiral representation; that is, we postulate covariant
derivatives ab initio and introduce covariant constraints which are solved in terms of
prepotentials. For a more detailed discussion of the subject, see Refs. [27, 30, 40].

The presentation made in this section mainly comes from Ref.[27].

Chiral Representation

Since

b — ¢ =9, where DgA = 0, (3.2.14)

covariant derivatives should have the characteristic
(V4®) — (VD) = 9% (V@) (3.2.15)
In order words, we want to have
Vi—Vy = 94 v, e (3.2.16)

Since DsA = 0, D, is automatically covariant with respect to the A transformation;

that is,

Vo=Dy — V. = 9 Dy e = D, = V. (3.2.17)

«

Similarly, D, is covariant with respect to the A transformation. However, we can

use the prepotential V' to make D, covariant with respect to the A transformation.
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Define
Vo = 9 D, eV, (3.2.18)

Then,

/ /
l —gV \%4
Vo —V, = (eg)Da(eg)
— (eigAe—gVe—igK) Da (eigxegve—ig/\)
— <€ng€—gV6—ng) [

(Daez‘gK) + eigKDa} (egVe—igA)
— pighA (e—gVDa 6gv) o igA

= 9 v, e, (3.2.19)

The vector part of V4 is defined by V.4 = —i{V,, V4}, and its covariance is guar-
anteed by those of V,, and V.

Hence, the complete chiral gauge covariant derivatives are defined by
Vi = (Va, Vi, Vaa) = (e*gVDa eV, Dy, —i {Va,Vd}). (3.2.20)

Similar arguments as the ones given above show that anti-chiral gauge covariant

derivatives are
Vi =(Va, Vi, Vas) = (Do, ¢ Dae™, —i{V..Vs}), (3.2.21)
with the transformation property

Vi—V, = 9T, e 9t (3.2.22)
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Vector Representation
In vector representation, we first postulate that the covariant derivatives transform

as

Vi— V) = 9V o701 (3.2.23)

where H is a hermitian superfield (H = H). Since H is not chiral, gauge transforma-
tion will not preserve the (anti)chirality condition (D,® = 0)D4® = 0. This problem

can be remedied by defining covariantly chiral and antichiral superfields by

Vao®. =0, o, — qyc _ eigHCDC,
Vol =0, b, — D, = D9 (3.2.24)

(3.2.24) suggests that
(VaVi} @ = —iF;0 =0, (3.2.25)

This gives us the constraint
{Va: Vg} = 0 = {Va,V;}, (3.2.26)
whose solution takes the form
Vo = 9% D, e, Ve = 90 D, e~ ,

Q =Q T, # Q, (3.2.27)

where () is an arbitrary complex prepotential. In vector representation, the gauge

covariant derivative multiplet is given by
Vi = (Va, Ve, —i {va,%}) : (3.2.28)
(3.2.27) implies that (3.2.23) can be achieved by

() — (e#)' = e eiof, (3.2.29)
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Furthermore, if D,A = 0 = DgA, (3.2.27) is invariant under the gauge transforma-

tions

(egﬂ) N (egﬂ)/ — i9h 99
(egﬁ) — (egﬁ)/ = 9% 9N, (3.2.30)

Therefore, the gauge group of 2 is actually larger than that of I'y [27]. We can use
the H gauge freedom to set 2 = €2, and define

(egﬂ)/ = (ioheoQemiol (3.2.31)
We further define the hermitian part of €2 to be
eV = 9%e9? (3.2.32)
which has the correct transformation property
(egv)/ = (heoVeioh (3.2.33)
Finally, we note that the covariantly chiral superfield defined in (3.2.24) is given by

o, = 0 (3.2.34)

Relationship Between Chiral and Vector Representations

We can go from the vector to the chiral representation which transforms only under

A by evaluating V¥ between e—92 and ¢92. We have
y g Vy
Vi{ziral — e—gﬁvzectoregﬁ — (e—gVDaegV, 50,” —i {Vghm'al, vgéhz'?“al}) : (3235)

which agrees with (3.2.20). As expected, no €2 or H appears in the chiral representa-

tion.
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3.2.2 Quantum-Background Splitting

Gauge Field Splitting

In analogy with (3.2.27), we define the background covariant derivative as

—92 g2 _ 9@ g0
Vo = € D,e , Ve =€ Dsye (3.2.36)

where  is the background ! prepotential. We then define the quantum-background
splitting as

Vo = e 9vQ Va egVQ, Vd = 7@, Vae = —1 {Va,vd}. (3237)

We can make a transformation to a background chiral representation by evaluating

—9Q 9Q
(3.2.37) in between e  and e . We have
—gQ Q —gQ —gQ Q Q
yehiral — ¢ . e IVe vy, Ve eg~ = <e = e 9V ¢ g~> D, <€g~ edve eg~> ,
hiral -9Q __  gQ -9Q ¢Q\ __ -gQ g¢Q _
Vi = e Vae = le e D, e e = D, (3.2.38)

Comparing this to (3.2.20), we observe that the splitting is equivalent to

eI — egQ edVa egQ (3.2.39)
We know that the unsplit gauge field Vi transforms as
eI —s (egVT)/ = (oA VT mih (3.2.40)
where D,A = 0= D4A. In terms of (3.2.39),
eIV — <egg edVe e@), = b (egg edVe e@) e oA (3.2.41)

'Henceforth, background superfields and derivatives will be denoted by the “~” sign underneath
the variables.
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This transformation can be interpreted in the following two ways:

(a) Quantum Chiral Transformation:

) _ _ _
952 952 9 -9 .~ 9% 9 =99 952
(e ACHe ) =e Ke e edVe (e "eTi0he e , (3.2.42)

which implies that

GU g2\’ 98 !
e — <e ) = e — Vo — (YQ) = Va (3.2.43)
9Va ioh 9Va ik = 90, 2 YA =
9 — e e’e | where A = e Ae and VsA=0.
(3.2.44)

(3.2.37), (3.2.43) and (3.2.44) together suggest that

igh —igA

VA — (VA)/ = € VA € . (3245)

(b) Background Vector Transformation:

gQVQQI T I N\ e v —ier (o I ion
e el'e = (e e (ezg edee™ ) e e e (3.2.46)

This means that the background field 2 transforms as

/
g9 g9 R U
e — (e ) = 9 ¢ el —

! g 9 % L
Vo — (Ya) = e9e e D,y e e

Y 9 A .
= e " Dye e = ey, e7H  (3.2.47)

and the quantum field Vi, as

Vo (69‘/@)/ — ei9H 9Vo o—igH Vo — eigHVQe_igH. (3.2.48)
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43
(3.2.37), (3.2.47) and (3.2.48) imply that
Va— (Va) = 97 v, e (3.2.49)
Matter Field Splitting
Consider the following original Lagrangian:
L = &7, where D,® = 0= D;®. (3.2.50)
After the quantum-background splitting, (3.2.50) transforms as
_ 99 9% _
L—L = de 9 & = i, (3.2.51)

9Q
where & = e @ is background chiral; that is, V4@ = 0. @ splits linearly into
P = % + dF and has the following transformation properties:

(a) Quantum Transformation:
d O : P — Pe . (3.2.52)
(b) Background Transformation:

b — 1O : O — Pe 9, (3.2.53)
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3.3 SBFM in SUSY Yang-Mills Theory

We will choose the quantum gauge fixing term to be background covariant in order
to obtain gauge invariant generating functionals. Before we proceed any further,
however, we need to consider a subtle issue that arises in gauge-fixing. For a gauge
theory with field V' and gauge condition G(V) = h, the gauge-fixing term in the
Lagrangian is obtained by [30]

SIG(V)—h] — / (Dh) (D) 8 [G(V) = h] exp {— / &= (hMh + nMn)}

B /(Dm eXp{—/dSZ (GMG+77M77)}, (3.3.54)

where 7 is the Nielson-Kallosh ghost with opposite statistics to h. This new ghost is

needed to implement the correct normalization

| (on) (o) exp{— [ (th+nMn)} _ (3.3.55)

Normally M is independent of the fields and the additional ghost contribution can be
ignored. However, in the background field method, M does depend on the background
field, and nMn contribution cannot be decoupled. In the case of supersymmetric

Yang-Mills theory, the quantum gauge is fixed by
| PupEDyDY 5 (7% _ Q) 5 (yQVQ - E) exp {— [ a <EQ + @) } (3.3.56)
which gives the gauge-fixing term
Sop — —1—16Tr [ (YQVQ) (72VQ) . (3.3.57)

Corresponding ghost terms are obtained in the same fashion as described in Sec-

tion 2.2. The complete? background covariant action is

2 Actually, without the source terms.
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S = /d82 PedVed — L 2Tr/d8,z <egVQV°‘69VQ> V? (egVQVaeQVQ>

_L 8 2 2 ) ]
T @ () (TV) + T [ a2 ay
+ Tr/dgz (ENI +Ql> LVQ/Q |:(§+Q> + (COthLVQ/g) (Q—E)] , (3358)

where ¢, ¢, and @ are all background covariant.
We note that the Nielson-Kallosh ghost 1 does not couple to any other quantum
fields and, therefore, makes contributions only at the one-loop level. However, n

interacts with background fields through[41]

mn = ne’n, (3.3.59)

where D,77 =0 = D4n and B is the background gauge field. Similar splitting is also
applied to ¢ c and @ ¢/. Hence, the part of the action that will contribute to one-loop

calculation is
1 e
™ [d [—5 Vo <yaya WOV, T yd) Vo + 7By +@Be + ¢ Be| . (3.3.60)

We end this section with the remark that the identities shown in (2.1.35) and (2.1.36)
would still hold true if the covariant derivatives are replaced by background covariant

derivatives. In particular, we would have
5ij YQ?Q 5@']’ = 16 5@']’ and 5@']’ Yagij =0 = 5Zj7a52j (3361)

The aforementioned advantage of using the superspace background field method will

be exemplified in Chapter 5.
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3.4 SBFM in SQED

For SQED, splitting in the gauge superfield is linear; that is, the gauge superfield V.
splits as

Ve — Vo + B. (3.4.62)

In fact, since all superfields commute in the abelian case, (3.4.62) follows directly

from (3.2.39) and the definitions
e’ = %2 and e? = cee. (3.4.63)
As in the non-abelian case, the total gauge transformation
Vi — Vi = V+i(A-7K) (3.4.64)

has two interpretations. They are as follows:

(a) Quantum Transformation:
Vo — V4 = V+i(A-]) (3.4.65)
B-— B =B (3.4.66)
(b) Background Transformation:
Vo — Vo = Vo (3.4.67)
B — B =V+i(A-§) (3.4.68)

Thus, we see that, under the quantum transformation, the quantum field V, trans-
formations like the total gauge field V7, and the background field B is inert. Under
the background transformation, however, the opposite holds true. This is a remark-
able simplification compared to the corresponding transformations in the non-abelian

theory. In addition to this simplification, we wish to note an oddness in this method.
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Since the gauge superfield splitting is linear and the transformation in (3.4.68) is the
same as (3.4.64), it appears that nothing really changes in the perturbation theory,
except that now only the background superfields are allowed as external superfields.
In the background field method, one can calculate the S-function by considering only
the 1-PI B—B two-point function. In the non-background field method, however, this
is not possible. It seems strange, to us at least, that although the same diagrams are
considered, one case allows us to compute the (G-function while the other does not.

In SQED, the matter field transformations are also very simple. In comparison
to the distinct transformations shown in (3.2.52) and (3.2.53), the matter superfields
transform as

under both quantum and background transformations.
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Chapter 4

A PRELUDE TO
DIFFERENTIAL
RENORMALIZATION

In this section, we summarize some important results of Ref.[25] pertinent to our
work. We sometimes make claims without due explanations and give examples that
already have been considered in the reference. In contrast to the above statement by
Pascal, presentation made in this chapter is very concise. Those who want to master
differential renormalization are strongly recommended to consult Ref.[25], as well as

Refs.[42] ~ [50].

4.1 General Idea

Differential regularization is a procedure defined in coordinate space (z-space) that
handles ultraviolet divergences in perturbative quantum field theories. The method
simultaneously regularizes and renormalizes singular amplitudes, which, after being

renormalized, should satisfy the Callan-Symanzik equations. In this regularization
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procedure, the z-space bare amplitude too singular to have a well-defined Fourier
transform into the momentum space is re-written as derivatives of a less singular ex-
pression. Then, the derivatives can be integrated by parts, and the Fourier transform
can be performed on the resulting expression.

Consider field theories in Euclidean space, where 2*" = (z,2,)". Here, terms of
the form 1/z* appear very often in bare amplitudes. For example, the expression
for the one-loop 4-point function in massless ¢* theory is proportional to 1/z*, and
massless supersymmetric gauge theories which we will consider in Section 5 have bare
amplitudes that contain 1/z?. However, because of its singularity at = ~ 0, 1/2* has

no well-defined Fourier transform. Let us proceed to regularize this expression by

finding an Euclidean invariant function F'(z?) such that
— = OF(2?), (4.1.1)

where O = 9,0,,. In terms of the new variable s = 22, (4.1.1) can be rewritten as

1 4d [ ,dF
— = I 2 4.1.2
52 s ds <S ds) ’ ( )
whose general solution is given by
1 In(sM?
F(s) = _ZM +a (4.1.3)
s

«a and M are dimensionful constants arising from integration. « can safely be dropped,
but M? is needed for the correct dimension in the logarithm. In fact, M has a more
physical meaning; it will be discussed later that M actually is the renormalization

group scale in Callan-Symanzik equations. Therefore, we have the identity

1 1 _In(z2M?)
- = ——O0——~2, 4.14
xt 4 22 ( )

The left and right hand sides of this equation are identical for z # 0. However, F'(z?)

is less singular than 1/z*, and this fact plays a pivotal role in differential renormal-
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ization. Consider a test function 7'(z) which is regular as x+ — 0. In differential

regularization, partial integration prescription is given by

[ Tif) = 1 [d () pln@ M) = 1 [d 1@ o, Ine M) QMQ)
_ _%/d% [OT ()] ln(ifw) (4.1.5)

where surface terms have been naively dropped. In principle, the surface terms can be
calculated by introducing a proper cutoff; in Ref.[25], an infinitesimal ball of radius
¢ at the origin is excluded from the integration space. As ¢ — 0, singularity arises
from the surface term, but it is shown to be canceled if one adds an appropriate
counterterm in the action. Hence, ultraviolet counterterms are implicitly present in
differential regularization, and (4.1.5) is justified!. As a concrete example, let us
ik-x

take the test function to be e"* so that the integration corresponds to the Fourier

transform. According to (4.1.5), we have the well-defined Fourier transform

g 1 1 : In 2]\42 : (z?M?
/d4,§1j ezk-x_ — ——/d433' ezk-x O~ = / ( /d4 ezk-x )
x? 4 x2
k2"}/2
= —r? 1n<4M§>, (4.1.6)

where vg is the Euler-Mascheroni constant. We note that because differential renor-
malization does not involve explicit divergent subtractions, the mass parameter M
plays the role of the renormalization group scale that is necessary for verifying the
consistency of the procedure.

As discussed above, the general idea of differential regularization goes as follows.
For each singular amplitude, we first find an alternate expression which is identical
to the original one at non-coincident points. The alternate amplitude involves deriva-
tive(s) of a less singular expression, which, when used in conjunction with (4.1.5),

gives a well-defined Fourier transformation.

L An alert reader might be also concerned with the other end of scale; that is, infrared divergence.
However, it has been shown that surface terms at large distances are generally well-damped, and
therefore, (4.1.5) still holds.
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Q x/\y

(a) (b) (c)

Figure 4-1: Feynman diagrams contributing to the 1-PI two-point function. (a) Tree.
(b) Tadpole. (c¢) Two-loop.

We proceed now to find more identities similar to (4.1.4) that will be used in
Section 5. Rather than simply writing down expressions that are equivalent, let us
consider identities in the context of a field theory. In particular, we will work with

massive ¢? theory[51] whose Euclidean action is given by
4 1 L 5.9 Ly
5 = [d [5 (0,0) (D,0) + Sm*6* + ;A6 } . (4.1.7)
The bare propagator for this theory is

1 m2

Alx —y) = ) WK1< mQ(x—y)2>, (4.1.8)

where K7 is a modified Bessel function. Near the coincident point x ~ y, K; can be

expanded to give

Alz=x—y) = #{2—124_%7712111 (m222)+%[1—2¢(2)]+g(mz)}, (4.1.9)

where g(mz) — mz as  — y. However, the propagator A(z —y) is singular at x = y.
After regularization, we have A(0) = p?, where i is a dimensionful parameter fixed
by a mass renormalization scheme [25].

We now use (4.1.9) to compute the 1-PI two-point function I'®(z — 5). At the
tree level (Figure 4-1a), we simply read it off from the action given in (4.1.7); that is,
I'®(x—y) = (=0 +m?)6*(xz—y) at the tree level. At the one-loop level (Figure 4-

1b), there is a tadpole diagram which is proportional to A(0) = u?. Hence, the first
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non-trivial calculation arises at the two-loop level shown in Figure 4-1c. The bare

amplitude corresponding to the two-loop self-energy correction is
Lo 3
Bo(r —y) = —cA Al -y, (4.1.10)

which has the following expansion near z ~ y:

A1 N 3m?In(m?z?)  3m*1—1In~%
38476 | 26 4 24 4 z4

Yolz=x—y) = +G(z)| (4.1.11)

The last term in (4.1.11) goes as mz/2z* and has a finite Fourier transform. Further-
more, the third term can be regularized by using (4.2.20). Hence, let us concentrate
on regularizing the first two expressions in (4.1.11). We simply follow the aforemen-
tioned procedure of regularization and try to find Euclidean invariant functions A(z?)

and B(2?) such that

% = DOOA(ZY), (4.1.12)
ln<zj4m2) —  0OB(:). (4.1.13)
The general solutions for x # y are[25]
A2 = —3—12 ln(zijf) + B2 In(2°B2) + B2, (4.1.14)
B(z?) = —% “n<22m2)}2;2m<22M§) + m% Yok (41.15)

M., M,, 3., B,, Bs, ki1, and k, are arbitrary parameters, while m is the Lagrangian mass.

Substituting (4.1.14) and (4.1.15) into (4.1.12) and (4.1.13), respectively, gives

1 1 hl(ZQMl) 202 ¢4
Lo LopBEM) g s, (4.1.16)
1 2,2 1 1 2m2)1? 21 M2
hn(m?) - _ Lo (Ol +2mEM) o 54, @)
z z

Using these identities, the regularized version of the self-energy in (4.1.11) can be
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2 2072 2 2, 2\12 2072
A 1 a0 In(2*M7) N 3m - [In(z*m?)]" + 21In(z° M)
32 22 32 22

_3_W(1_ Q)Dm(iij‘@ +oesi(s) — G(z)}. (4.1.18)

Terms proportional to §%(z) have finite Fourier transforms, so they have been com-

bined into a single term £25%(2).

4.2 Renomalization Conditions

As in other renormalization procedures, there are certain ambiguities in differential

renormalization. For example, in our example of the 1-PI two-point function, the

self-energy correction contains terms of the form

N(x—y) D O 06z —y) + Cod'(z —y). (4.2.19)

We need to specify the renormalization conditions that would fix these ambiguous

local terms, and they are as follows:

(1) Wave function and coupling constant renormalization conditions.

In ¢* theory, all mass parameters that arise in logarithms are taken to be the

same. In our example, this would correspond to setting M, = M, = M;. In

gauge theories, however, there is no a priori reason to set all scale parameters

to be equal. Instead, Ward-Takahashi or BRST identities must be imposed to

relate various parameters. This is done for SQED in Section 5.1.2 and Sec-

tion 5.1.3 of this work.

(2) Mass renormalization condition.

Parameters that arise as coefficients of §%(z) are set to zero. In particular, 3,

in (4.1.14) and &, in (4.1.15) would become zero. Hence, the only explicit term

in the 1-PI two-point function that is proportional to §4(z) comes from the tree
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4.2, RENOMALIZATION CONDITIONS
approximation (—0O + m?)§*(z).

After ambiguities are removed by these conditions, the regularized amplitudes sat-
isfy the renormalization group equations, in which the M’s play the role of scale
parameters. Hence, differential regularization automatically gives renormalized am-
plitudes, and its simple nature is easily appreciated if one tries to perform the same
computations in the momentum space using Feynman parameter integrals.

We end this chapter with a list of some formulas that we will find useful in Chap-

ter 5.
1 1 _In(z% M?)
- = - 0—3 7 4.2.20
rl 4 2 ( )
1 1 In(z% M?)
- = —— O —¥2 7 4.2.21
xg. 32 x?] ( )
1 2¢4
O— — —47%%(z,) (4.2.22)
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Chapter 5

DIFFERENTIAL
RENORMALIZATION OF SUSY
GAUGE THEORIES

In this chapter, we justify the title of this paper. We use the method described in
the previous chapter to renormalize supersymmetric gauge theories in superspace. At
the risk of being pedagogical, we try to make the computations as explicit as possible
for clarity. We begin with SQED in Section 5.1 and proceed to SUSY Yang-Mills

theory in Section 5.2.
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X1 Xy

Figure 5-1: One-loop contribution to the SQED A-function. B denotes the back-
ground field. Internal chiral fields could be either &, or ®_.

5.1 SQED

5.1.1 Omne-Loop Level

Renormalization

One-loop contribution from ®_ to the background superfield vacuum polarization

shown in Figure 5-1 is

%((;2))2 <—i> /d821 d*z, B(z)B(z) (Efo%) (Dfﬁf%). (5.1.1)

41 41

rt =

Notice that this expression contains a factor of ﬁ associated with each propa-
gator, and —; with each D, or D4. Let us now consider a useful “D-Algebra”[27]
that we will use repeatedly in this chapter. Let F' be a general function in superspace
that depends on z; = (z;,0;). Further assume that the expression we are about to

consider is inside an integration over z;. In order to simply notations, propagators

will be denoted by P,;. Then,

(DD P, [D/D?P,] F(z) = [D;P,] D*{[D;D2P,] F(z)}

= [DIp,| [(D?D!D?P,) + 2 (DD!D?P,) D.o + (D! D?P,) D?] F(2)
= P,D, [(160D?P,) +2 (DD, D?P,) Do + (D, D?P.) D?| F(2)
~- P, {(165@20313%) —4 (b?ngfoRk) D,;D.a + (D.D*P,,) 5303] F(z)

+ additional terms that would vanish if §,; = d;, (5.1.2)
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where identities (2.1.17), (2.1.18), and (2.1.19) have been used. The last statement in
(5.1.2) needs a bit of clarification. If a term has less than 2 D’s or 2 D’s between two
d,;’s, then the term vanishes. If a term has more than 2 D’s or 2 D’s, then (2.1.18)
and (2.1.14) can be used to reduce the number of operators. Following this line of
argument, one can show that the “additional terms” in (5.1.2) effectively contains

less than 2 D’s or 2 D’s. Upon using (2.1.14), we can rewrite (5.1.2) as

P, [(16mﬁfpfak) —8i ()" (0.D'D?Ps) D Do + (D D?P,.) Efpf} F(z)

+ additional terms that would vanish if §,; = &,. (5.1.3)

Armed with this useful identity, we can proceed now to renormalize (5.1.1). We

simply substitute i = 4,5 = k=1 in (5.1.3) and use (4.2.22) and (2.1.36) to obtain

1 ¢? 1\* 169
1 19 4 8, 18 [ . 9 4
r Q(W)Q( 4) /dzldz4 B(=)=g [—472(16)5 (2,)
— & (O' ) (84a—2> D4dD4a + xTD4Dz] B(Z4). (514)
However, we observe that
11 2, 1. 1
0 - = — =20, — 1.
2 g2 26 Qaax4’ (5.1.5)
o (5.1.4) becomes
8
1 _ 8 8 0% (zn)
r-’ = _54—7r2/d z A%z, B(z)B(z,) 2 (5.1.6)
1 g 8 8 O [,/ avad 5 75 22
+§(4 216/01 2 &2 B(2) 2 [40 (0°)* 0,0 DsaDia + D D?] B(z),
41

where 0,, has been integrated by parts to act on B(z,). Apart from the first term,

rest of the expression can be combined into a gauge invariant form. We know from
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(2.1.15) that

D'D*=D'D*Do = D, D°| Do+ DD Do = —4i (0°)** 3,Ds Do + DD Da.

(5.1.7)
Hence, using (5.1.7) and (4.2.20) gives the fully regularized contribution
2 8
1 _ lyg 8 8 0°(2n)
r-’ = _iﬁ/d z A%z, B(z)B(z,) ) (5.1.8)
1 ¢ 1 8, 18 a2 In(x3, M?)
_ 5(47#)26_4/(1 2 d% [B(2)D°D’DuB(2)] B

The first term is purely local and finite. B (zl)Da52DaB (z,) in the second term is
manifestly gauge invariant since it appears as the kinetic term for B in the SQED
Lagrangian.

If we carry out analogous calculations for the contribution coming from &, , we

will observe that it is exactly equal to .

One-Loop (-Function

In calculating the g-function, it is advantageous to redefine the field as
B — B'=¢B. (5.1.9)

The key point is that in background field method, the renormalization constant for
the B field is related to that of the coupling constant g by Z,y/Zz = 1. This suggests
that

B' = g,B, = Z4\/ Zpg» B, = 9. B,, (5.1.10)

where subscripts “o” and “r” denote bare and renormalized quantities, respectively.
Therefore, there is no anomalous dimension for the B’ field, and the renormalization

group equation takes the following simple form:
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B(e) = Bie® + Boe® + - -,

where e = —\% is the conventional electric charge as discussed in Section 2.3. Here, we

define

G(ry — 11 EZ{ 4—951)—1—6*(,")(954—3:1)}

n

and T = /dgz1 d¥z, [B’(ZI)DO‘E DQB’(ZAL)} Gs_f)(m — 1), (5.1.12)

[A9eeh]

where “n” denotes the n'* loop contributions. I'? is just the kinetic term in the

original action; more specifically,

= 64#94/&‘2 Waw, = — /dsz (D*B'(2)) (D*DB'(2))

16g2
N 3262/ d*z) &'z, [B'(2)D"D"DaB'(2)] 6°(20). (5.1.13)
Combining (5.1.13) and (5.1.8) gives
1 1 In(z2 M?)
R ) 2 O——— | +---. 1.14
Glza—2) = 555 0" (e) + l 125 [y o 5 " (5.1.14)

Substituting (5.1.14) into (5.1.12) and using (4.2.22), we readily derive the following

one-loop contribution to the f-function:

b = (5.1.15)

82

According to Shifman et al., the exact G-function for SQED is given by[52, 53, 54|

2

Bla) = %[1—7(04)], (5.1.16)
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where « has the usual definition e? /47w, and y(«) is the anomalous dimension of the

matter superfield. Since 3(e) = 5=3(«), this suggests that to the lowest order in e,

63

Ble) = ¢ (5.1.17)

which agrees with our result.

5.1.2 Ward-Takahashi Identities in SQED

Before we proceed to compute two-loop contributions to the g-function, we need to
construct a method to relate mass parameters that will arise from subdivergences. As
in differential renormalization of ordinary quantum field theories [25, 43, 45], this is
done by considering the underlying symmetry expressed in terms of Ward-Takahashi
Identities (WTI). As discussed in Section 2.3, the complete action of SQED consists

of the free, gauge fixing, and source terms; that is,

S = S0+ Scr + Ssources (5.1.18)
where
Sy = 6—14/d6,z wWew, + /d82 (6+egv<b+ —i-@,e’qu),)
Sor = —ﬁ /dsz(DQV)(EQV) (5.1.19)

I / Sz (s + joO_) + / 4z (7.8, +7,3.) + / 4z v,

W, is the chiral field strength given by W, = EQDQV. Recall that J and V' denote
vector superfields, ®. and j. chiral superfields, and 7, and ®. anti-chiral superfields.

Under infinitesimal local gauge transformations, we have
(S(I)i = :FZgAq)i, (SEi = :l:ZgK Ei,

§V =i(A—A). (5.1.20)
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A and A are chiral and anti-chiral superfields, respectively; that is, DgA = 0 and

DA = 0. The normalized generating functional for Green’s functions is
210,30.7) =~ [(DF)exp {i(So + Sor + Ssouree)} (5.1.21)
where the integration measure (DF') is defined as
(DF) = (DV)(D®,)(D®,)(DP_)(DP_), (5.1.22)

and N is the normalization factor which we will omit in our further consideration
of generating functionals. Sy is invariant under the gauge transformations defined
n (5.1.20). However, Sgr and Sgource are not gauge invariant, and the generating
functional Z is thus not gauge invariant. Upon performing the infinitesimal gauge

transformations on Z, we obtain

77 = / (DF)e’® {1 _ 1L / d*z [D%(A — XD’V + D*VD'i(A - X))
[0}

= [ioF)e {1+—/d8 (AD D’V — ADDV}
bg [d2AG O~ o) —g [ R (7B, -7,

- /dSZ J(A —K)}. (5.1.23)
Upon using (2.1.40) to evaluate %‘A—K—o = 0, we derive the following relation:

T P
[(oF)es [—Z@DQDQDQV + D4 b — 0 ) =0 (5.124)
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In terms of Z and its functional derivatives with respect to sources, (5.1.24) can be

rewritten as

1 2190 — 19 19

—0D"-—— —-D"J—-4g|j-=———J+—-——]| 2 =0 5.1.25

a " isJ g<‘7 i 0 ‘7+i5j+>] ’ (5.1.25)
where we made use of the identity (2.1.17). If we use the definition Z = ¢, where

W. is the generating functional for the connected Feynman supergraphs, (5.1.25)

becomes

~DJ+

1 5§ 1) )
o2l g 0 — 0. 12
o 8] 9<J 5j_ “5]4)]“/6 0 (5.1.26)

We are now ready to perform the Legendre transformation to obtain the generating
functional I' for 1-particle irreducible (1PI) Green’s functions. We first define the

Legendre transformation by

PV, 0w, Ba) = Wl g Je]— [z v

- /d6z (O, +j. D) — /d% (7.2, +7.3.).(5.127)

which implies the relation

5WC 5Wc 5WC F
0J ’ 07+ 7 0j4 i
or . or - or

After implementing all substitutions, we arrive at the following Ward-Takahashi(WT)

identity:
1 —2 0 ) )
—O0DV+ | D' — —4g|(P_.——-P,.— || =0. 5.1.29
o +[ % 9( 5 *5@)] (5.1.29)
If we take 22| _ =0in (5.1.23) and perform analogous operations used to find

A IA=A=0
(5.1.29), we can obtain another WT identity; in fact, it will be the complex conjugate
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of (5.1.29), namely

1 ) - 0 — 0
o * l % 9( ol *5@4)1 (5.1.30)

We now wish to derive the WT identities relating the 3-point 1PI Green’s function

<TV<I>i5i>1PI and the 2-point 1PI Green’s function <T<I>i5i>lpl. This can be done

by operating on (5.1.29) and (5.1.30) with &— 22— , and the results

y Op g on ( ) ( ) 00— (22) 5% (3) |y _g, _3, —0

are

=2 = = =2 8

D*(21) (T V(21)®(22)@(25))1p; = —9(T - (21)8_(25) )ypy D (21)5%(z1 — 20),
(5.1.31)

D?(z) <T V(zl)CI)_(ZQ)a_(23)>1PI = —g <T ®_(22)6_(21)>1PI D?(21)6%(21 — 23).
(5.1.32)

Similarly, for the matter fields with plus charges, we derive

-2

D (a0) (T V()@ (22) 4 (25)) 1 py = 9{T ®4(21)Po(25) ) py D (21)8° (21 = 22),
(5.1.33)
D*(z) (T V(Zl)q)+(2’2)6+(2’3)>1pl = g(T (I’+(Z2)6+(21)>1p1 D*(21)8%(21 — z3).
(5.1.34)
We remark that the vector superfield V' shown above is a quantum superfield. In
the superspace background field method, we need to consider three-point structures
involving external background superfields B. However, this does not suggest that
what we have shown in this section is useless. From our discussion in Section 3.4, we
know that under quantum transformation, the quantum superfield transforms as in
(5.1.20) and the background superfield is inert. In contrast, under background trans-
formation, the quantum superfield is inert and the background superfield transforms
as in (5.1.20). What this implies is that if we try to derive the super WTI involving
the background superfield, we will arrive at the same equations as (5.1.31) ~ (5.1.34)
with V’s replaced by B’s.!

!This has been privately verified.
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5.1.3 Perturbative Calculations of Super WTI

In this section, we perform explicit one-loop computations of the B — ® — & vertex
function and ®® self-energy correction. In particular, we will consider supergraphs

shown in Figure 5-2.

d_
x3
€
B
€2
(a) d_
d_ d_
x3
Ty Ty
B B
o)
(b) < (c) <
S S T
I )

Figure 5-2: One Loop Contributions to super Ward-Takahashi Identity in SQED.
(a)-(c) Vertex functions. (d) Self-energy correction.

The 1-PI Green’s functions in Figure 5-2 are related by (5.1.32) which will be
used to obtain a relation among the mass parameters. However, rather than working
directly with Green’s functions, we found it advantageous to calculate contributions
to the effective action which contains the Green’s functions we want.

Let us begin with the vertex supergraphs. Contribution to the effective action
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from Figure 5-2a is given by

(_9)3 8 8 8 1\* 2752 513 (523 =2 2 512 =
FVa = (47-(2)3 /d 21 d Zo d Z3 <_Z> DlDl]j_?g _3;'_23 D1D1 x—?ZB(Zl)qD,(ZQ)éf(Zg)
1 ¢ 3 8 8 = 015 Oa 2 21258
— E(4ﬂ-2>3 /d Z1 d 2o d 23 ®_(22)®_(Z3)—%3x—§3 |:—47T (16) (D1D16 (,2’12))
QA 2 2& . -2 2& 2 2
8i (0°)% (0, D2 D222 ) DaDo + ( DiD222 ) D2 D?| B(=), (5.1.35)
Lo Lo

where (5.1.3), (4.2.22) and (2.1.36) have been used. Note that the “additional terms”
in (5.1.3) were dropped since 6, effectively sets 03 = 63. For the first term in (5.1.35),
we first integrate over d*0, and use (2.1.36) to eliminate D>D2. This allows us to
perform an integral over the full measure d®z, . For the second and the third terms
in (5.1.35), we remove all the D’s and D’s from the background superfield B onto

propagators. The final result is

3
— 1
Ty, — _(4i2)2/d821 diz, B(zl)CID,(zl)CI),(xS,Hl)I—%
1 93 8 8 8 = 523
+ 1 (Ar2y /d 2 d%2, A%z B(z)®_(29)®_(23) ) X
~ — ) — ) —9 [ O3 — )
X l&' (6")* D,aD g <—1;’3me012§> + DD’ (%Dfo%)]
13 le 13 x12
3 )
— [ a8z d®z, B2 B(2)®_ ()P _ T8z
/ 2 d°2, %25 B(2,)P_(22) (23){ (ir2p (zgl)xilg -
1 93 623 . ad o) 513 -2 2512 22 613—2 2512
- % 181 (6%)° Dy Dig | 228,,D°D*22 | + D?D* [ 2D’ p2 22 | | |
EEEEpe l He) <:r ) A R
_ 1 3 In(z2 M2
= /dgz1 A%z, A%z, B(2)P_(22)P_(23) {1(4;22)258(221)513D% +
13
1 93 623 [ . ad - (513 -2 2512> 272 <613—2 2&2)]}
- 92 181 (0%)°® D, Dia | 226,,D°D*22 | + p?D* [ 22D’ p2 22 | | |
44 (471'2)3 1’33 1 1 ?3 1 1 11,%2 11 13%3 1 11:%2
(5.1.36)

Similarly, contributions from Figure 5-2b and Figure 5-2c¢ can be straightforwardly
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shown to be

2
g (_g> 8 8 2513 513
Ty = G [ o BB (- 1) <__
g N B 5
= /d B @ 02 B(2)O ()8 (2) 6 (20 (5.1.37)
47T )
o LT I 1)
S 47T2 /d A 0 ' B(a)R(2)B-(2) Sl (20
and
1 1 2 M2
FVC = n Zl d822 dSZg B(Zl)@f( ) (23) 5125 (213) %’

respectively. Finally, regularization of the self-energy diagram shown in Figure 5-2d

gives

P = (0 [ @ dbs o)) (1) o020 (-2 )

2 2
T Tia

_

ln (x?2 MVZ )

2
L1y

2, A2, D_(20)P_(2)8,,0

(5.1.38)

N
—~

Hence, there are four mass parameters in the scheme, and we need to use (5.1.31) or
(5.1.32) in order to establish a relation among these parameters. A judicious choice
is to use (5.1.32) since (2.1.18) tells us that the last two terms in (5.1.36) vanish if
they are acted on by D?. Extracting 1-PI Green’s functions from (5.1.36), (5.1.38),
and (5.1.38) gives

_ 1 g In(z%, M)
_ 2 _ _ = A7 Ve /)
LHS = D’(z)(T B(2)2 (%)% (%)) , = 1027 l 8150°%(2,,)0 o)
In(z?, My, ) lm(xi]\/[2 )
+ 513(S (212) T‘/ + 512(S (213> TVG
1 ¢ In(MF, /M) In(2%, M)
= —1(4 ) D [6136 (212) —%3 +6126 (213) T (5139)
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Similarly, using the 1-PI Green’s function from (5.1.38), we get

RHS = —g(T 0 (2)® (x))  D*(21)5%(z1 — z)
_ L g, g M‘Q’Z)D%( ). (5.1.40)

4 (472)2 7" a2,

Since we know that LHS = RHS from (5.1.32), it is certainly true that the equality still
holds if we multiply both sides by 6%(6,5) and then integrate over the z; coordinate;
that is,

/ 2, 6%(6,5) LHS = / d®z, 62(6,,) RHS. (5.1.41)

The reason for doing this somewhat odd manipulation is as follows: Observe that
both of LHS and RHS already contain §2(6,;). Therefore, (2.1.33) tells us that when
acted upon by §%(6,;), all terms in LHS and RHS vanish, except for those terms with
D?§2(6,5). Hence, using (2.1.32) in an intermediate step, we obtain

/ 42, 6%(0,,) LHS = 2 [62(0,)D?6%(0,5)] x
— M /M, In(2?, M3
{52<9m>58<zm>mwwué (et
x13 le
3 2 /12 2 172
g ln(MV /M ) 1H<Z‘23va)
= — 0 |0 < a O .1.42
e 1)
and
52, 6% 1 g 82, [6%( 2 In(zf, M)
/d21 JRHS = —7 W /d D26%(6,,)] 6,8 (Z:) 0 e
In(z2, M%)
_ _(47T2) = ;353 5] (5.1.43)
Equating (5.1.42) with (5.1.43) gives the result
My My = My M . (5.1.44)

Although we will not attempt to show it explicitly here, it has been verified that if
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we had applied the Ward-Takahashi identity (5.1.31), then the same mass relation as
(5.1.44) would have followed.
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5.1.4 Two-Loop Level
Renormalization

Supergraphs contributing to the two-loop [-function are shown in Figure 5-3. The

amplitude for the supergraph in Figure 5-3al is given by

1(—g)? 7 1\°
5((4752))3 <_Z> /dszl dSZQ d82’3 d824 B(ZI)B(Z4) X

KD D2;51;> S(z,,) <E§D§%> (DQDQ%N, (5.1.45)

where ¥(xz,,) is the matter field self-energy insertion which we choose to regularize

first. Since ¥(x,,) is given by

Y(zy,) = (_9)2 <_1>2 <D D2523> <_%> - 972 ) ED%’ (5.1.46)

(4m2)2 \ 4 x2 x2, (4m2)2 "4 x2,

we can integrate O by parts onto the propagator P,, and use (4.2.22) to obtain

@ 1 ¢t 1\’ 8 8 8 8
DY T2 (4r2)t \4 $a & Iz d2 Bla) Blz) x

_ 1 M2 _
{[Dng(SS(Zm)] 523% <D§D§5_S;> <D2D2%> } : (5'1'47)
x x2, x?

23 14

Further standard manipulations gives

1 4
iy = 55 () [ a5 @ @, B(a)B(=) x

In 22, M2 b 5
{58 218 23M Ve <16DD§D§x—;4> <D2D2x—“>}

34 14

1 94 1 b 8 8 8 8

= 5(4 (Z /d 2 A%z, d°2; d°2; B(z)B(z,) X
| M2 _
{58 Zzl 23 nx232 VZ {D3D358(2’43)} <D D2jﬁ;>}
23

1 g (1 5/ 8, 18 {mme\Q/
= = — d®z, d°z B(z)7216(5 X

2 (47T2>3 4 1 4 1 %4 14
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Figure 5-3: Two-loop supergraphs contributing to the g function.
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—47%(16)6 (x4,) — i (69)** <a4axi2> DD, + <xi2) Efo] B(z4)} .
(5.1.48)

Same computations presented above can be applied directly to evaluate the super-

graph shown in Figure 5-3a2, and the result is

4

In 22, M3
(49) ( ) [ d, B(zQ{M 160,

1
F(Q) -
a2 2 2
. a\od 1 e ]' 212
7*(16)5(211) = 8i (0")*" (D | DiaDia + | — | DID}| Bla) 1 -

14

(5.1.49)

As expected, this is exactly (5.1.48) with 1 and 4 coordinates exchanged. Since
supergraphs shown in Figure 5-3b1~4 are very similar in nature, we will outline the

computation for only one of them. Let us consider Figure 5-3b1 first. This is given

by

1
ry = ( 4) [ a2 B()B(e) x

(o) (-32) (o) (o)

1
<4> /dgz1 d®z, A%z, B(z)B(z) x

2
| B
x42 x41

l\DI»—t

1 8. 8. 18
= E ( > /d 2 d°2, A%z, B(z)B(z) X

I M _
M (g ) (pfpzi;)]
In 22, M2
_ 3( ) /dszl &z, B(zl){% 166, x (5.1.50)

[—47?2(16)64(9541) — 8i (0®)™ (amx%) D,oD.o + (%2) Efo} B(z4)} .

41
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Apart from the sign and the mass parameter, this expression is exactly the same
as that shown in (5.1.48). In evaluating the supergraph shown in Figure 5-3b2, the
same steps taken to obtain (5.1.50) can be applied, and the only difference is in mass
parameters arising from sub-divergences. Furthermore, Figure 5-3b3 is related to
Figure 5-3b1l under the exchange of coordinates 1 < 4, and there exists a similar
relation between Figure 5-3b3 and Figure 5-3b4 as that between Figure 5-3b1l and

Figure 5-3b2. Hence, we arrive at the following expressions:

1 ot 1\5 In 22, M2
2 _ 9g 8 8 14ty
[y, = —5( 23 (—) /d 2 d°z, B(z) {7x%4 2160, ¥ (5.1.51)

[—47r2(16)54(x41) — 8i(0%)** (%%2) D,oDia + (%) bef] 3(24)} .

41 41

2 1 gt /1\° In 22, M
ry = - @ (Z) [ s B 16, (5.1.52)

l—4w2(16)54(x14) — 8i ()™ (‘91%%2> D,oD,, + (%) Efo] B(zl)} .

14

1 g 1\° In 22, M2
2 g 8 8 144y,
Lha 2 (472)3 (Z) /d adz B(z) {TM(SMX (5.1.53)

[—47r2(16)54(x14) — 8i (o)™ <amxi2> D.aDia + (%) be?] B(zl)} .

14 14

Simply writing down the amplitude for the diagram shown in Figure 5-3¢ should be

clear. Straightforward manipulations show

@ 1 (_9)4 (—l)s/dszl d822 d823 d824 B(2,)B(z4) x
c 2 (47’(’2)5 4
— 512 — 623 523 ) 543 D) 642
H Dfo—g) (DfD?—Qﬂ <——2> l(DfoT) (DfDiTﬂ}
L1y L L Lis L

1 1\8 166,, 1 160,,
L )t s,

33'13 'IES ‘1%2
{ [—47#(16)54(3:12) — 8 (6%)* <amxi2> D,oD,y + <xi2> bef] B(zl)} X

12 12
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{ [—4#(16)54(3;43) — 8i (ab)““ (@bx%) D,;D.s + (%2) EEDE] 3(2«4)} .

(5.1.54)

In order to make computations more lucid, we will break up the above expression

into the following four components:

r Lo (1)2/d8 Az, &z, B(z) | =22 x (5.1.55)
= - - 2, d*x, d°z 2) 8 —— 1.
cl 2 (47T2)4 4 1 3 4 1 .I'leg le
. BA 1\ = 1\ —
43
1 ¢t 1 16
r® = - <—) /d8 L d'e, 4%z, B(z){ =22 5.1.56
c2 2 )4 4 Z Z z (Z ) 1242 xi X ( )
a & a ey 1Yy z
Pz ) et g !
0
réd = — g / &z, d*z, B(2)B(z) 22 (5.1.57)
x41
1 g 11 1
r? = - ( ) /d82 d*z, d*z, d®z, ¢ X (5.1.58)
4 2(471'2) 1 2 3 4 1413%3 33 $2

{l_sz (o) (a%) D,aDia + ( 1) D Dﬂ B(z )} X
ey o () )

In evaluating T'\?, we first use the identity (4.2.20) for 1/ zl,. Then, since

le(l'13) = D3f($13), (5159)

we can integrate Oz by parts to make it act on 1/x%,. As a result, we obtain

1 g Inz?, M2 o
1“(2) — - /d8 ) d4 d8 X B . 1347V, Y41
ot 2 (4 )3 64 S () x2, a2
. 83 — —
[—& (") (00" (222)) D,3Dap + (8 (w1s) ) Dfo] B(z4)}

1 ¢+ 1 8 18 Ou
= — [ &, &2, {B(x
2(47r2)364/ adiz (Bl
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; Inz? M2\ — Inz? M2\ —
l_& <0b)ﬂﬁ (@b%) D,;D.s + (%) Dipj 3(24)}
x x

41 41

1 gt 1 / 8 18 { <1n 22 ME )
= - — [ d%, d°2z, {B(z)0, | ——=] x
2 (472)3 64 e v z2)

l—8z’ (ab)ﬁﬁ <a4 ! )EMDM + <xi2) EEDE] B(z4)} (5.1.60)

bx_é%l 41
1 ¢ i(b)ﬂﬁ

i - 5
8 8 41 2 9
— 5 (47T2)3 8 /d Zl d Z4 |:B(ZI>D4ﬂD4ﬂB(Z4>:| 3;'_11164{) (ln x41MVa)
Similarly,
1 Pl In 22 M?2
(2) g 8 s 2
be 5(47T2)36_4/d o diz {3(24)541 (#) X

i 1\ = 1Y) —
[_8Z (O'a>a0¢ <(91a_2> Dllea + <_2> D?D?‘| B(Zl)} (5161)
Ty W
! 94 i(aa>ad 8 8 - 514 2 2
B ToFEI R [ @z a2 [Bz)DiaDiaB(=) =y (002, M2,)

Before we proceed with Fg), let us first consider the contribution from the supergraph

shown in Figure 5-3d. The computation of this amplitude shows

(2) 1 (92)2 8 8 1\ (=2 2 O 014 =2 14
Tt 3 Tar /d 5 @' BB () (D0 ) (- ) (DDl
1 g 8 8 014
= B(z)B —. 1.62
2 (472)3 /d 1 &z B(z1)B(z) 0, (5.1.62)

All these computations are very complicated, and we fear that the reader might be
either bored or discouraged. Therefore, we now take a moment to simplify what we

have done so far. Let us sum the expressions for I'2 Fé?),F,()g) and Fg) shown in

al >
(5.1.48), (5.1.50), (5.1.52) and (5.1.60), respectively. Then, we observe that we get
terms proportional to
M2 M?
I M) | (5.1.63)
(3

However, this becomes zero when we impose the Ward-Takahashi identity which re-

lates the mass parameters as shown in (5.1.44). Hence, we obtain the following clean
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result:

I = 194 F@) ) R

! 8 0%(zu), (1 M}
Y 2 &®z, B(z)B(z) 2 In x_iM%J\Z% (5.1.64)
: 8
1 g¢* 1 (gb) . B . .
_ 5 (4772)3 8 /d Z1 d 24 [B(ZI)D4ﬂD4,@B(Z4)i| l‘_ﬁl <a4b 111 ZL‘41MVa) .

Similarly, if we sum F((ZQQ),F%),F,()? and T2 shown in (5.1.49), (5.1.53), (5.1.54) and
(5.1.61), respectively, we obtain

7 = %4 r@) +1% 4 1%

1 68(24) M3
= 1 d8 4 B 1 B = 1 VE
z < (Z) (24) Zl xQ M2 M2
1 gt i(e")”
= (479T 5 5 / &2, &z, [3(24)DmDmB % } (am Ina?, M3,
1 g 6%(zn) M‘Q/
= e 2 d°z, B(z)B(z,) 2 In a:Q e ]\§[2 (5.1.65)
CLgt @) g, [B(2)D.aDiaB(2)] On (01 m a2, M2,)
2 (47T2)3 8 1 4 1 1o 4 4 le 4a 41 Va
Collecting Fig) from (5.1.57) and F ) from (5.1.62) gives
)
I1I = F§§)+Ff) = —/dgz1 d®z, B(z)B(z) %. (5.1.66)
14
Hence,
S % = 14111
A#3d
1 5 6%(z4) 1 M
S z d°z, B(z)B(z,) ) In x2 Mz ]\220

g4

(42

ilo ad o 5
(8) / &z &z [B(2)DiaDiaB(2)| — (0w e, MY, )

41
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4

g 8 8 014
- iy /d 5 A%z, B(2)B(z) X (5.1.67)

Let us consider the second term in the above equation. We observe that

1 1 2(zy), 1 1
—484(1 (lnleMVG) = I—4 x; = —534(1 <—4> . (5168)
41 41 41 41

Therefore, upon using the identities (4.2.20) and (4.2.21), (5.1.67) becomes

F(2) - _= /dS d8 B B A1 | 1 3
2 1 | T2 T BRIBEI=5E I a3
4 . a ad ) 5
g__ilo") 8, @8 -5 1 In 2 M
_ (4723 8 /d 2z, d°z, [B(zl)D4dD4aB(z4)] 04 <§> &MDT
g4 8 8 1 lnleMIQ
- 5 [ d BB b0 (—5;5) B (5.1.69)

In the second term of (5.1.69), 0,, can be integrated by parts onto the background
field. Then, by using (2.1.15), we see that

B(x)[D*. D*| DuB(z) = B(2)D"D’DuB(z) — B(2)D D*B(z,)
— B(2)D*D’D,B(z,) — %B(zl) (D°D*+ D*D’) B(2)

= B(2)D“D’D,B(z) — 8B(z)0MyB(z,), (5.1.70)

where Il was defined in (2.2.53). (5.1.69) now becomes

F(2) = —— /dsz dSZ B(Z )B(Z ) ) (2 Vi
A%d ! 4 (4r)? B R wh M, Mg,
11 ¢ a2 In 22 M"
1 61 () [ s &2 [B)DIDID.LB(=) sLOm
L g In 22 M"™
+ 3—2(4i2)3 /dSZl d®z, [B(z) (0O — OIly) B(z,)] 5145;7;

(5.1.71)
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However, since
—2
D*D" D,
O—-0ly = Ol = —— g (5.1.72)

the last two terms in (5.1.71) cancel each other. In summary,
1 g

6%(24) 1 M2
PR - /d8zl d®z B(2)B(z)—In | ——2-]. (5.1.73)
Tt 4 (472)? 4 o My M,

We observe that this is purely local?, and therefore, they cannot contribute to (-
function. Thus, we conclude that ng) gives the sole contribution to [-function. Let
us now evaluate Fg). At first sight, this task seems rather formidable. There are four
separate terms in (5.1.58), but we can use D-algebra to argue that we need to consider

only one of them. The argument goes as follows. After some standard manipulations,

three of the four terms in (5.1.58) will be in the form of either

/dgz1 4%z, D°D? B(z,) Gi(z — z1) D:D*B(z), (5.1.74)

/d8,z1 d®z, D.,4D.ioB(2) Go(z1 — 24) 531?53(24), (5.1.75)
or

/d8,z1 d®z, 5?D128(21) Gs(z1 — z4) 545D4g3(24). (5.1.76)

However, we can readily show that all of these vanish by integrating D’s by parts and

using (2.1.18). Hence, the only amplitude that we need to compute is

B _ 111 1 1
{DlaDmB(Zl)Dw'DMB(%) (514 lf_%f_iI_i <81a$_2> <a4b$_i>] }

12

In order to evaluate this integral, we integrate 0,;, by parts to obtain

4 .

g_ L (a“)aéY (ab)ﬁﬁ/dgz1 diz, d*z, A%z, x (5.1.78)

[\

2This term also can be canceled, if we consider sea gull diagrams.
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D) - 1 1 1 1 1
{D1dD1aB(Zl)D4gD4ﬁB(Z4) (514 l—Q—Q <_a4bx_2) <8mx—2) —‘|

2
13 /23 42 12/ Tis

+ E10“DlO‘B(Zl)aA‘bE%@'DMB('%) 014 liii (alai> L] } '

2 p2 2 2 2
Tig T3 Thy Tiy ) Tis

At this point, we note that the second term in (5.1.78) is finite by power counting.
Therefore, this term will not contribute to the two-loop #-function and may be ignored
for our purpose. In evaluating the first term in (5.1.78), we break it up into a traceless

part and a trace part as follows:

-

co| —

(471'2 ( /dszl d4x2 d41;3 d8z, DlaD1aB(Z1)D4ﬁ'D4ﬁB(Z4) X
0

5., 1 11 b 00 —l—% o o|(1 1
Y02 22 22, |\ Oxe 0zt 4 Ox, O, 4 Oz, Ox, | \ a2 22,

+ Finite Terms (5.1.79)

The traceless part in the above expression is convergent[45]; in fact, it can be shown|[55]
to be purely local in spacetime. Therefore, we conclude that the traceless part also
may be ignored in calculating the two-loop (-function. Furthermore, the trace part
can be computed by using the Gegenbauer technique discussed in Appendix B, and
the result is

1 1 1 1 1 1 1 M"
/d‘lyc2 d*z, [——— 4 . g <—_>1 — 47t — 70O L

2 2 2 2 2
Tig L3 Tis 81‘4 axl Lip L1a

Upon using the identity
(07)* (aa)ﬁg — 2P (5.1.81)

and transferring all the D’s and D’s to one of the background superfield, (5.1.79)

becomes

11 _
Y = oo 47T2 / &z d%2, [B(z) D{DDio B(2,)] 6,0

+ Finite Terms. (5.1.82)

2 22
Inz$, M
2
x14
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Two-Loop (-Function

As in Section 5.1.1, we redefine the background field as

B— B =gB. (5.1.83)

Then, according to the definition given in (5.1.12), the Green’s function up to two-loop

order is
1 4 1 1 In(z?% M?)
— = 2/ [ — S
Gz —2) gez 0 ) F l 128 (ar2)2 O =)
11 (V2e)? In 22 M’T
+2 [——— 0y O—=2 + - (5.1.84)
832 (4m2)3 " 2,
From using (4.2.22), we see that
w6 _ 1 @ 2 (—47%) 05(z) = 1 & 5% (2) (5.1.85)
oM’ 64 (472)3 32 (4n2)2 MY o
and to second order in e,
oG 2 e?
O Ble) S = (—@) 5() = —1o b 6%(za). (5.1.56)

Finally, the renormalization group equation in (5.1.12) gives the following two-loop

contribution to the [-function:

(5.1.87)

Recall the exact (-function for SQED given in (5.1.16). Since the anomalous
dimension of the matter superfield is [52, 53, 54]
CdnZw] o

_ - % 1.
7(e) Thn ~ 4 (5.1.88)
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the g-function is equal to

o ol

B(C() = ?—FF—F"'. (5189)

In terms of the coupling constant e, this is

e’ e’

= —+—+--. 5.1.90
ﬂ(e) 87T2 + 327T4 + ( )
This agrees with (5.1.87), and the consistency of differential renormalization is veri-

fied.
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Figure 5-4: Vj-loop contribution to the vacuum polarization of background field.

5.2 SUSY Yang-Mills

In this section, we present our computation of the f-function for supersymmetric
Yang-Mills theory to one-loop order. If ordinary superspace approach is taken for this
calculation, one necessarily has to deal with numerous complications. For example,
the one-loop vacuum polarization of the vector superfield V with an internal V-
loop contains 36 terms. Although symmetries can be used to reduce the number of
terms that need to be calculated, it is clear that this approach is cumbersome. We
already saw in Section 5.1 how background field method can simplify computations.
However, the method’s power and usefulness become more apparent in non-abelian
gauge theories.

We begin with the supergraph shown in Figure 5-4. This supergraph is the afore-
mentioned troublesome graph with 36 terms. Let us see if there is any improve-
ment. The part of the action that contributes to one-loop computations are shown in
(3.3.60). Consider the interaction terms involving two quantum vector fields Vi and
a background superfield strength W or W. Further observe that such terms contain
either only one V or one V. Then, (3.3.61) implies that the one-loop contribution
from the Vp-loop vanishes simply because there are not enough covariant derivatives
in the interaction. This finding is very striking. The most challenging computation
in the ordinary superspace approach has become a very trivial one in the background
field method.

As an immediate consequence of the above discussion, we observe that in su-
persymmetric pure Yang-Mills theory the only non-vanishing contributions to the

one-loop two-point function of the background superfield come from ghost super-
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Figure 5-5: Ghost loop contributions to f-function. (a) & (b) Faddeev-Poppov ghost
loops (c) Nielson-Kallosh ghost-loop.

fields. Recall that there are three ghosts in the theory-two Faddeev-Poppov and one
Nielson-Kallosh. The super Feynman rule for interactions involving one background

field and two ghosts is given by
if" (@"B'¢ + B¢ + 7'B'). (5.2.91)

Accordingly, supergraphs that we need to consider are shown in Figure 5-5. Compu-
tations of these three supergraphs are identical, so we will consider only one of them
and multiply the result by 3 at the end of the day.

Further simplification can be made by noting that ghost superfields are chiral
superfields, and that the computation we are considering here resembles the one from
Section 5.1.1 very closely. Apart from some minor details, the general idea is identical

to the method presented in Section 5.1.1. Hence, in comparison to (5.1.8), the total
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regularized contribution from ghosts is

F(lh) = 3 CQ(G) 92 Tr/dSZl d824 B(Zl)B(z4)58(Z4l> (5292)
ghosts —471'2 le
+ 64 (47T2)2Tr/d Z1 d 24 B(21)D D DaB(Z4)54IDT’

where Cy(G) was defined in (2.2.45). As in Section 5.1.1, we redefine the background
field as
B— B =gB (5.2.93)

so that the anomalous dimension of the background field vanishes. Therefore, the
Callan-Symanzik equation for SUSY Yang-Mills theory in background field method

is

[Ma—z + ﬂ(g)a—i] G(xy—21) =0 (5.2.94)

B(g) = 5ig® + Bog® + -+,

where we define the Green’s function G(z4 — 1) as
r=r" = /dgz1 d®z, [B'(ZI)DQEQDQB'(Z4)} G (zy — x1). (5.2.95)

As before, n refers to the n'* loop. Up to one-loop order, the Greens function is

1 g 3 Cy(G) In(z2 M?)
G(Z4 - Zl) == @ ) (241) + @W 541 DT. (5296)
From substituting this into (5.2.94), we obtain the result
3 C2(G)
=" 2.
B = (5.2.97)

Supersymmetric Yang-Mills theory has been widely studied, and various aspects of

the theory are well-known. In particular, Refs.[56, 57, 58, 59| discuss the S-function
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which is known to be

3 C2(G)

Blg) = _ng —6[

Cs(G)
1672

] 9 + O(g"). (5.2.98)

Hence, our result (5.2.97) agrees with the standard value.



Chapter 6

CONCLUDING REMARKS

In this paper, we have discussed the renormalization of supersymmetric gauge theories
using supergraph techniques and differential regularization. We have discussed the
super background field method in considerable detail and have shown that it leads to
computational simplifications. Ward-Takahashi identity for the abelian gauge theory
has been derived, and a relation among the mass scale parameters has been obtained.
We have successfully calculated the g-function of supersymmetric quantum electrody-
namics to two-loop order and that of supersymmetric Yang-Mills theory to one-loop
order, thus verifying the consistency of using differential regularization to renormalize
supersymmetric gauge theories. Dimensional reduction contains intrinsic ambiguities
concerning the dimension, and other renormalization schemes are rather cumbersome
to implement. Differential renormalization, however, is a dimension-specific proce-
dure that is considerably easier to use than such schemes as the supersymmetric ver-
sion of Pauli-Villars regularization. We hope that further examination of differential
renormalization will show that it is a clearly advantageous and completely consistent
renormalization procedure for supersymmetric quantum field theories. We end this
paper with the following remarks on possible future investigations.

We regret that we could not present higher-loop computations for the supersym-
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metric Yang-Mills theory. There were too many supergraphs to consider, the amount
of available time did not permit us to pursue this study. Although super background
field method leads to great calculational simplifications, further improvements in per-
turbation theory can be made if one uses the covariant supergraph techniques[60, 61].
We hope that using these techniques in the context of differential regularization will
lead to a simpler and more powerful renormalization scheme. Furthermore, we hope
that using differential renormalization to study anomalies will be able to shed some

new light on the subject.



Appendix A

Conventions

The spacetime and spinor indices! are collectively denoted by a super index? A =
{a,a,a}, where a € {1,2,3,4}, a € {1,2} and & € {1,2}. For example, a su-
perspace coordinate is defined as 24 = (xa,Ha,gd). Likewise, partial derivatives
are collectively denoted by 94 = (8,,04,04). Our Minkowski spacetime metric is
Nay = diag(—1,+1,4+1,+1). Under Wick-rotation of the time coordinate, the space-
time measure d*z becomes —id'z ; and, consequently, ¢® becomes e°. Contraction
of spacetime indices using 7, is understood in the same sense as in ordinary quan-

tum field theory. Two component spinors A* belong to the (%, 0) representation of

2
the Lorentz group, while A4 belong to the (0, %) representation. Spinor indices may

be raised and lowered with the invariant Levi-Civita tensors. These tensors satisfy

€a = —€Ba , €5 = —€sar (A.1)
Peg, = —05 : edﬁ'em = —52". (A.2)
We define the super metric as {ap = (Mab, €as, Gaﬁ')- Using the above definitions, our

conventions are as follows:

za = 25&pa , A = ¢4Brp (A.3)

"'We use lowercase Latin letters to denote the spacetime indices and lowercase Greek letters to
denote the spinor indices.
2Super indices are written in uppercase Latin letters.
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Oazp = &an , 0az" = 8,7, (A.4)

212y = Z1AzzB€BA = x1ax2a+91a92a "‘91&920‘1 = x1a$2a_91a92a_§1o}§2a- (A"5)

Furthermore, if x, is a spinor variable, then

X = X% = X"X’esa X' = X"a = X"Xegs s (A.6)
1 2 — = |
XaXg = —5€asX ; XaXj = ~5€aX (A7)
a. B 1 af. 2 —6—03 1 &fB=2
X7 = et ; XX = —5etX (A.8)
We work in Euclidean x-space, where 1., = 1% = 4. The o matrices satisfy
agdag‘d = 20, , Jgdaaﬁ/@ = 2€ap€45 - (A.9)

Coordinate differences are denoted by

2 =z—2 , 0; =60,—-0, , etc . (A.10)

Delta functions and integration measures are defined by

6, = 640, —0,) , %z;) = 6xy,) 0y, (A.11)
6%(0,,) = 200,—06,)* , 06%0,) = 2(0,—0,)*, (A.12)
56(’%’) = 54(%]-)52(91-]-) ; 66(517) = 64(@]')62@17): (A.13)

Bz = dzd®0d% , d°2 = d*zd% , d°z = d*x d%0. (A.14)



Appendix B

Gegenbauer Technique

In this section, we adopt the notations in Ref.[25]. Let y, and z, be Euclidean

4-vectors. Then, Gegenbauer polynomials C),(Z - ) are defined as

L _ 1y <$> Coz - 9), (B.1)

(z—y)? w5 \ws
where
z if |z| > z if |z| <
w. — e e — 2] < |yl (B.2)
y if |z] < |yl y if |z| > |yl

(In other words, w~ is one of the two variables with a larger norm, and w. with
a smaller norm). By using Z - § = cos#, an explicit representation of Gegenbauer

polynomials is given by

sin [(n + 1)6]
Cn ) = ———. B.3
(cos ) sin 6 (B-3)
Furthermore, Gegenbauer polynomials satisfy the orthogonal condition
dz Conl- 2
L O ) (@~ 2) = O C22) (B.4)

o2 n+1

where the angular integration measure is defined as d& = sin?# sin ¢ dfd¢.
Having introduced the basic definition of Gegenbauer polynomials, we proceed

now to compute the Feynman integral shown in (5.1.80). To simplify notations, let
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us rename the variables as follows:
T,—x ., To—Yy , Ty—z , x,—0 (B.5)

Hence, (5.1.80) is equivalent to

1 01 9 1
(x—2)%(y — 2)222 Oy, y? Oy, (x —y)*

I= /d4y d*z (B.6)

In order to integrate over the angular variable 2, we redefine y and z as
Yy, — Va2ry, , oz, — Vatz,. (B.7)

Upon using (B.7) and & = z,/v22, (B.6) becomes

1 1 o1 o0 1
I = — [dyd? — :
o [ G o o Gy
1 o1 8 1 1
= — [dYy d? — . B.
x‘*/ YT =22 Oy P Oy [(:%—2)2 (i—y)Q] (B2)

We observe that this expression is a pure number, so we may choose to average over

the angular measure for the & variable. Hence, we have

dz 1 1 de & 1 [y \"1 (2\" . . .

2% (& — 2)? (& — y)? o V2 \y>/) 22 \ 2

BRI <y<2<>"cn(g.g). (B.9)

—n+1 y222 \yszs

In the first line, we have used the definition of Gegenbauer polynomials given in (B.1)
with Norm(z) = 1. In the second line, we have used the orthogonal relation (B.4).

The new variables shown in (B.9) are defined as

y if |y >1 1 if jy| >1
) Y< =
1 ifjy| <1 y if jy| <1
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z if |z > 1 1 if|z] > 1
Z> - ; Z< - . (B]_O)
1 if|z] <1 z if |z <1

Next, we insert (B.9) into (B.8) and use (B.1) to expand 1/(y — 2)?. After integrating

over the angular variables, we obtain the expression

o0

1 1 (wo\" 0 1 yeze\"
[ = -85~ /dd S <2< B.11
w X faeg () g lee ()] e

>

where y and z denote moduli, and w- and w. are defined as in (B.2). In order to

evaluate this expression, we need to consider six distinct domains. They are

y>z>1 |, y>1>z , 1>y>z

z2>y>1 |, z>1>y , 1>z>y . (B.12)

After performing the six simple integrals, we finally obtain

1| 1 D
I = —8r'— -
T 712::1 2n(n+1)(n+2) 8

1
= 4n4y. (B.13)
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