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Summary-This paper presents an analysis of some of the signifi-
cant developments in time-varying network theory which have taken
place during the past decade, with the emphasis placed on three
topics: 1) characterization of time-varying networks, and in particular,
transition from the impulsive response to the differential equation;
2) the problem of factorization, with emphasis on the contributions of
Darlington, Batkov and Paul Levy; and 3) randomly-varying systems
and, in particular, the question of stability of discrete-time systems
of this type. The identification problem, the analysis of periodically-
varying systems, the synthesis problem, and the filtering and predic-
tion of nonstationary processes will be treated in Part II, to be pub-
lished later.

T- HIS PAPER is primarily concerned with develop-
ments in time-varying-network theory which have
taken place during the past decade. A survey paper

by Bennett [I] provides a brief discussion of the de-
velopments prior to 1950.
The past ten years have witnessed a rapid growth of

interest in time-varying networks as well as a marked
shift in emphasis brought about by the advenit of such
new areas of research as missile guidance, detectioii of
fluctuating targets, propagation through ranidonlly-
varying media, communication via satellites, para-
metric amplification, etc. Furthermore, the availability
of machine computers has made, and is making, a pro-
found impact on the whole process of constructing a
model of a physical system and subjecting it to mathe-
matical analysis, as well as on the reverse process of
synthesizing a system from components having known
characteristics. One consequence of the advent of ma-
chine computers is the growth in importance of the so-
called identification problem, which, roughly speakinig,
is concerned with the determination of the characteris-
tics of a given black box, based upon the observation of
its external behavior. This stems from the fact that,
with the aid of machine computers, the analysis of a
system comprised of elements having known charac-
teristics no longer presents essential difficulties. Thus
the outstanding problem becomes that of identification,
which in any case is a basic prerequisite to the analysis
of a system by either machine computer or analytical
means.

This paper is not purported to be an exhaustive sur-
vey. Rather, its limited aim is to present a connected
and not too superficial account of some of the significant
and lesser known contributions to time-varying-network
theory made during the past ten years. Because of limi-
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tations on space, the paper is in two parts. Part I deals
with the problem of transition from one mode of char-
acterization to another, the so-called factorization
problem, and with randomly-varying systems. The
identification problem, the analysis of periodically-
varyinig systems, the synthesis problem, the stability
problem, the filterinig and prediction of nonstationiary
processes, the resolution into elementary time funic-
tioIIs and miiscellaneous contributionis will be treated
in Part II, to be published later.

It should be nioted, in the following exposition, that
the amounit of space devoted to a particular contribu-
tionl is niot niecessarily a measure of its significance. As a
genieral rule, the contributions which are well knowni or
have appeared in widely available journials are referred
to very briefly, while the results which appeared in un-
published reports or foreign publications are discussed
inl greater detail.

I. CHARACTERIZATION
It has long been known that the relation betweeni the

input and output of a time-varying system cani be ex-
pressed in a variety of ways other than those based onI
the use of differenitial equations. Yet it was-and to
some extenit still is--staindard practice to employ almost
exclusively the differential-equatioin represenitation- for
the purpose of relating the input to the olutput, either
directly or through the state variable.

It is largely during the past decade that a need for a
wider variety of alternative representations became
definitely established and their potentialities as well as
limitatioins became more clearly understood. The rea-
son for this development is twofold: first, it was found
that many of the time-varying models of such systeims
as randomly-varying media, fluctuating targets, etc.,
cannot be characterized in terms of ordiniary differential
equations of finite order. Second, it became clear that
in many of the problems of optimization, identification,
detection, filterinig, etc., it is imuch more coniveniient to
use a represen-tation tailored to the characteristics of a
particular class of systems than to use an "all-purpose"
represenitation inivolvinig a differential equationl or a set
of differential equations relating the input to the out-
put.

In speaking of the modes of characterization other
than those based on the use of differential equations,
what we have in mind are the techniques centerinig on
the resolution of input time functions into a family of
"elementary signals" such as delta functions, exponen-
tials, etc. If the responses of the system to such ele-
mentary signials can be determined, then the response to
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an arbitrary input can be determined by superposition.
In this way, the problem of finding the response to a
given input is reduced to a large number of simple prob-
lems, each involving the determination of the response
of the system to a particular elementary signal.

Before proceeding to discuss some of the contribu-
tions to the characterization of time-varying systems,
it would be helpful to summarize some of the well-known
facts pertaining to the technique of resolving the input
and output into elementary signals. (For a more de-
tailed discussion, see Huggiiis [19], Laning aiid Battin
[16 ], Gerardi [12 ], and Zadeh [2].)
Resolution into Delta Functions

In this case, the family of elementary signals has the
forrm {3(t-), -oo << oo, -oc <t< co } where b(t-t)
denotes a unit impulse occurring at time (, with t rang-
ing over the interval (- x, oc). Assuming, for sim-
plicity, that the system has a single input u and a
single output y, and that it is initially at rest, the rela-
tionl betweetn the input and output can be written as

y(t) = f h(t, t)u(Q)dS
_00

(1)

where h(t, t) is called the impulsive (or impulse) response
of the system and is defined as the response of the sys-
tem at rest to b(t -h). If a system is nonanticipative (i.e.,
if, for all t, y(t) is independent of the values of the input
for times greater than t), then h(t, 0)_O for t < and the
upper limit in (1) can be replaced by t. (For a discus-
sion of the relationship between the impulsive responise
and Greeni's functioni, see AMiller [3] and Zadeh [4].)
Resolution into Exponential Functions

Here, the elementary signals are of the form feiwt,
-OC <(<O, -oc <t< 0 } or more generally test,
sEC} where C is a Broinwich-Wagner contour in the s
planie. In terms of such signals, a system B is character-
ized by its frequency-response function H(jw, t), which
is defined as

response of B to ei)tH(jw, t) =
eiwt

The time-varying frequency-response function H(jo, t)
constitutes a natural generalization of H(jw)-the fre-
quency-response function of a time-invariant system. If
the system is initially at rest and the Fourier transform
of the input u is denoted by? U(jco), the expression for
the output at time t, y(t), in terms of H(jwo, t) and U(jcw) is

1 =(
y(t) =-27 0 H(jw, t)U(jw)eiw'dw.

input and output spaces of a system B [in the sense that
the k(t, X) and C are such that any signal in the input
or the output space of B can be resolved into the k(t, X) ],
then an input u can be expressed as

u(t) = fk(t, X) U(X)dX, tE& T, (4)

where U(X) is an integral transform of u given formallyt
bv

U(X) - J k-(XI t)u(t)dt.
-00

(5)

In this relation, the kernel k-'(X, t) is inverse to k(t, X)
in the sense that

k(t, X)k-'(X, {)dA= (t -) t,t E T. (6)

B is characterized by its responses to the k(t, X), XE C.
Thus, if the response of B to k(t, X) is denoted by
K(t, X), then the response of B to u (with B initially at
rest) can be written as:

y(t) = J'K(t X) U(X)dX. (7)

Eqs. (1) and (3) are special cases of this relationi cor-
responding to k(t, X) = b(t -X) and k(t, X) = eiXt/2rj, re-
spectivelv.
Resolution into Eigenfunctions
A funiction k(t, X), tC T, is ani eigenifuniction of B if the

response of B to k(t, A) (with B in-itially at rest) is of the
form: constant (depending on A) times k(t, X). If B has
a set of eigenfunctions{k(t, X), NCC$which can be used
as a basis for the inlput and output spaces of B, theni
the input-output relationship of B can be expressed in
the simnple form

Y(X) = R(Q)U(X)
where R(X) is the response functioin of B

R (X) - response of B to k(t, X)
k(t, X)

(8)

(9)

and U(X) and Y(X) are the integral tranisforms of u and
y, respectively; i.e.,

U(X) = fk-l(X, t)u(t)dt (10)

anid

(3) Y(X) = f'k- (X, t)y(t)dt. (11)

General Relations for Resolution into Elementary Time
Functions

If a familyr of time functions I k(t, N) }, with X taking
values on some contour C in the X plane and t ranging
over a finite or inifinite interval T, form a basis for the

It can be showni readily that if a system is time-in-
variant and homogeneous (in the sense that if u is aniy
input in the input space of B, then for all real coIn-
stants k, the response of B to ku is k times the response
of B to u), then the functions { eiX , - oc <w < 00,
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- o <<tK constitute ani eigenfunction set for B.
(Note that B need not be linear.) It is in this senise that
the exponienitial functionis ejwt } constitute a "niatural"
set of elelementary timiie funictionis for linlear tinme-inlvari-
ant systems.

This concludes our brief review of the termiinology
anid basic relations pertaininig to the characterization
of linlear systeins in terms of their responses to ele-
mentary time functionis.

IL. TRANSITIONS BETWEEN DIFFERENT MODES
OF CHARACTERIZATION

In dealing with time-varying systems, one frequently
encounters a situation where a system B is characterized
in a given way W, anid it is desired-for one reasoni or
another-to characterize B in a particular way W*
which is different from W. For example, B might be
initially characterized' by a differential equation of the
formi

dny
an(t) d"+ * + ao(t)y

atn
dmu= bm(t) + + bo(t)u, (12)
atIn,

or nmore compactly

L(p, t)y = M(p, i)u,
d
di

Usually, the problemii is to pass from ani implicit char-
acterization emnployinig differenitial operators to ani ex-
plicit characterization inivolving such functions as the
impulsive responise, frequenc-y-response funlction, etc.
In somiie cases, however, onie is faced with a converse
problemn, niamnely, that of passinig from, say, the iml-
pulsive responise to the differenitial equation. This imiay
happen, for example, wheni it is desired to simulate a
systemii on an ainalog comiiputer which is designied to
hanidle differential equations.
An interesting special case of the latter type of prob-

lem was conisidered by \VThite [7]. Specifically, White
conisiders the case where onie is given- the eigenifunctioni
set Ik(t, X) of an unidetermiinled differenitial operator
L(p, t) which admits a represenitationi of the form

(15)L(p, t) = E E lVt,+'pp
P' IA

where the 1,, are unkinowni conistants, anid v and ,u ranige
over integers. Furthermore, it is assumned that k(t, X)
can be expanded as a power series inl Xt,

(16)k(t, X) = E k " (At) ,
1 =0

and that the response functioni R(X) can likewise be ex-
panded as

R(X) = E hAX, (17)

where

L(p, t) = E ai(t)pi
i-1

M(p, t) = E bj(t)pl
j=1

anid the as(t) and bj(t) are giveni functionis of time. The
desired characterizationi of B is:

y(t) = f h(t, S)u(Q)dS
-00

(13)

where h(t, t) is the impulsive response of B. Here, the
problem is that of solving the differential equation
(a,,(1)pn + -* * + ao(i))h(t, t)

= (bm(t)pyn + * * + bo(t))b(t- ) (14)
subject to the initial conidition

oPh(I,t)
atp _ t=t-

(For a more detailed discussion of this and related prob-
lems, see Borsky [6], Solodov [5], and Zadeh [4].

I It is generally unrecognized that a differential equation such as
(12) does not characterize a system uniquely unless it is tacitly under-
stood that the system must be nonanticipative. More specifically,
(12) defines n+1 nonequivalent systems of which one is nonanti-
cipative, one is purely anticipative, and the rest operate on both the
past and the future of the input.

where the coefficients hI mliay be a(ljusted to yield a
simple solution to the problemi if onie exists.

Formally, the problem is solved by substitutin-g (12)-
(14) in

L(p, t)k(t, X) = R(X)k(t, X), (18)

and equatinig the coefficienits of the like powers of X anid
t. This yields a set of equation-s

z,iv- = h4 p
v Z (n - V) 1

(19)

which may be solved for the lv (if a solutioni exists).
For example,

k(t, X) = Jo(Xt) (Bessel function) (20)
oc ~~~(Xt)'i

= , ( 1J)n/2 2
it = 0 , 2, 4, . (21 )

1~~=O 2 [( 2)1]
In this case, it is expedienlt to set h2=-1, ho = hl= h3

= .. =0. Theni

ElIV,_ - - - [-4(n,/2)2],
v (it -Vv)

(22)

or

+10,2 + 11,_2n + 12,2,n(n - 1) +-- = n2 (23)
from which it follows that

11,-2 = 1, 12,-2 = 1, all other l, = 0.
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Thus, the desired operator is

L(p, t) = p2+ -p (24)
t

The relation given by (19) can readily be extended
to the case where k(t, X) admits a more general repre-
sentation of the formii

k(t, X) = £ E knmXntm. (25)
n ?n

Then (19) beconmes

E E k?MIl,u(m- = E hnmkm)"l v (m -P) ! m
(26)

plication for modified Mellin transforms in final value
control problems.
An interesting idea which was motivated by the work

of Aseltine and Trautman is contained in the paper by
Davis [10] cited above. Specifically, let

L = al(t)p + ao(t) (32)
be a first-order differential operator and let k(t, X) anid
k-'(t, X) be, respectively, the solutions of

Ly =Xy, y(O) = I (33)
and

L*y = Xy, y(O) = 1 (34)
which, for the special case of (16), reduces to (19).

If the eigenfunictioni set is identified with the func-
tionls tr", 0 < t < X }, with X taking values on a Brom-
wich-Wagner contour in the X plane, then the differen-
tial operators relating y to u assume the form
(a,tnpn + a_ n-1 p-1+ + ao)y

= (bmtmpm + * + bo)u, (27)
where the a's and b's are constants. Networks described
by equations of this form have been studied by Asel-
tine [8], Aseltine and Trautman [9], Davis [10], Ho
and Davis [11], Gerardi [12], and others, and are re-
ferred to in the literature as the Euler-Cauchy net-
works. In effect, such networks can be obtained from
time-invarianit networks by the transformation of time-
scale t>-*-log t. Based on this observation, it can
readily be shown that the impulsive response of a non-
anticipative Euler-Cauchy network is of the form

h(i, t) = 1(t-)-g(-) (28)

where g(t-t) is the impulsive response of the time-
invariant network from which the Euler-Cauchy net-
work is derived.

If k(t, X) is identified with 1/(27rj)(t-X), then the in-
verse kernel is given by

k-1(X, t) = tk-l 0 < t < (X. (29)
Thus, the resolution of a signal u(t>0) into the k(t, X)
assumes the form

u(t) = f t-S U(X)dX (30)

and

U(X) = u(t)t'-ldx (31)

where U(X) is the Mellini transform of u. In some cases,
it is more convenient to employ a modified Mellin
transform of u which is related to (31) by the transla-
tion t-+t+a, where a is a constant. Such transforms
have been used for illustrative purposes by Davis [10].
More recently, Peschon [13] has found a useful ap-

where
L* = -pal(t) + ao(t) (35)

is the adjoint2 of L. Then the kernels k(t, X) and k-'(X, t)
are inverse to one another in the sense of (6), and, under
mildly restrictive conditions, one can write
U)

U(A)-= k-l (t, A)u(t)dt (36)

and

u(t) =- k(t, X) U(X)dA.
2 rj (37)

Now, given a time-invariant nietwork N, one can trans-
form it into a time-varying network N* by replacing
each unit inductor (which corresponds to the operator
p) with a network 1 correspondinig to operator L, and
replacing each unit capacitor with a network 1' corre-
sponding to the operator L-' (inverse of L), leaving all
resistances unichanged. The networks / and 1' corre-
sponding to L and L-1, respectively, are described by
the voltage-current relations v =Li and i = Lv. Thus, 1'
can be obtained from I by dualization. Clearly, if a net-
work function associated with time-invariant N is a
function H(s) of complex-frequency s, then the corre-
sponding response function for time-varying N* will be
H(X), with X being the parameter entering inito k(t, X).
In this way, one can derive from a prototype time-
invariant network N a wide variety of time-varying
networks N* which are described by the same equations

2 The adjoint of a differential operator
L = Ea()pn

is defined as

L* = -)npnan(),

where pna,(t) signifies that pn operates on the product of a,(t) and the
operand; e.g., (pal(t) +ao(t))u(t) means d/(dt)(ai(t)u(t)) +ao(t)u(t).
For a more detailed discussion see, for instance, Ince [14], Friedman
[151, and Laning and Battin [16]. It should be noted, alternatively,
that the adjoint of a system B with impulsive response h(t, t) can be
defined as a system B* whose impulsive response h*(t, t) is h(Q, t),
i.e., h*(t, t)-hQ, t). With this as the starting point, it is a simple
matter to show that if B is characterized by the differential equation
Ly= u, then B* is characterized by the differential equation L*y=u
where L* is the adjoint of L in the sense defined above. However, if
B is characterized by Ly=Mu, then, except in special cases, the
characterizing equation for B is not L*y = M*u.

14911 961
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in terms of X as N is in terms of s. In effect, Davis'
method amounts to an extension of the familiar fre-
quency-transformation technique (see Laureint [17],
Bode [17a], and Zadeh [17b]), to time-varying net-
works. More recently, somewhat overlapping results
have been obtained independently by Wattenburg [18].

There are several other contributions, notably by
Huggins [19], Lai [20], Gerlach [21], Narendra [22],
and others, which are conicerned with various techniques
of resolution of time functions into elementary sign-als.
These contributions will be discussed in Part II of the
paper.

Transition from Impulsive Response to the Differential
Equation
The problem of finding the differential equation of a

system which is characterized by its impulsive response
arises in situations where it is simpler to simulate or
synthesize a system in terms of its differential equa-
tions rather than its impulsive response. It arises also in
connection with the so-called factorization problem
which is discussed in Section III of this paper.

This problem was first formulated and partially
solved by Batkov [23]. Batkov's approach is based on
the well-known fact (see, for instance, Coddington and
Levinson [24], and Miller [3]) that the impulsive re-
sponse of a system characterized by the differential
equation

Thus, if h(t, t) is giveni in the form (39) and it is
known that the system is characterizable in the form
(1), then L can be obtained at once from (43). Far
less trivial is the more general case where the differential
equationi characterizing the systeml is of the form
Ly= MIu or, more explicitly,

[a,(t)pn + * * * + ao(t)]y
= [bm(t)pm + * * * + bo(t)]u, (44)

where m <n and the as(t) and bj(t) are initially unknown
coefficients.3 In this case, the impulsive responise reads

(45)

where the {bi(t), i= 1, * - *, n are n linearly inidepenident
solutions of Ly=0 and the 6i(t), i 1, , n, are
given by

oi(t) =M*[-1*(t)], i= .. ,n, (46)

where the ipj*(t) are n linearly independenit solutions of
the adjoint equation L*y =0 (satisfying [41] and [42])
and M* is the adjoint of l11. If h(t, t) is given in this
form, then from (45) one can find the Qi(t) and 0i(t).
Once the a/6X(t) are known, it is a relatively simple nmatter
to determine the t,A*(t).4 Thus, the problemn reduces to
finding M* from (46). On writing

Ly = (a,(t)pn + ' * - + ao(t))y(t) = u(t)
has the form

n
h(t, t)-= (t - ) E C (Olpi*(O)

V=l

(38)

(39)

where the +V(t) are any n linearly independent solutions
of the homogenieous equation Ly =0 and the {ij*(t) are n
linearly independent solutions of the adjoint equation

L*y = ((-l )pnan(t) + - . - + ao(t))y(t) = 0. (40)
The 4ti*(t) can be expressed in terms of the {i(t) by
solving the system of n linear equations in the ,6j*(Q)

__illO = 0
dtk t=

k = 0,1, ***n-2 (41)

M* = bm*(t)pn" + . - + bo* (t) (47)

where the bi*(t) are undetermined coefficienits, (46)
yields a set of n simultaneous equations in the bi*(t)

n-1

fi(t) = Ej bk*(t)I,i*(k)(t),
k=O

i=1 *, . (48)

Once these n equations are solved for the m+1 co-
efficients bk*(t) in A*, All can be found from the relation
between a differential operator and its adjoint.2 This
completes the determination of L and Al in (44) from
the knowledge of h(t, t).

It is simpler and frequently more effective to derive
from h(t, t), not a single differential equation of the
form Ly = Mu, but a system of n first-order differential
equations of the form

(42)cl n-1ht = I

atn-1 t=t an(t) x(t) = A(t)x(t) + B(t)u(t)

Another well-known fact is that the operator L can

readily be constructed from the knowledge of the 4I'(t).
Specifically (see, for example, Ince [14]), one can write

y(t)
y(l)(t)

y (n) (t)

together with the expression for the output

y+(t)= at(t)X(t) + . . + a/ (t) (0(t)
+ ,#O(t)U(t) + - - - + #Bm_,(t)U(m-n)(t) (50)

(43)
3 The procedure for finding the operator M given in Batkov's

paper is somewhat less straightforward than that given here.
4 See Ince [141, p. 124.

(49)

1492 October

?I

WI O = i(t O E 41i(t)OA)
11=1

CO) . 41, (t)
Ly = 411 (1) (t) - .n (1) (t)

0 1 (n) (t) 0. (n) (t)
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where x(t) = (xi(t), ^, x,,(t)) is a state vector, A(t)
and B(t) are matrices, and the ao(t) and fk(t) are scalar
coefficieiits. These equations constitute a very useful
mode of characterization of a system and will be re-
ferred to as its state equations. For a homogeneous
equation Ly=0, the state equation -= Ax is simply a
normal form of Ly=O (see, for instance, Ince [14]).
Equations of the formi (49) and (50) have been em-
ployed extensively in analytical dynamics and, more
recently, in the theory of automatic control.
We shall discuss briefly three problems arising in coIn-

nection with the state equations of a system: first, the
problem of obtaining the representationi (49) and (50)
from h(t, t); seconid, the problem of obtaining (49) and
(50) froimi Ly =mu; and third, the problem of obtaining
(49) and (50) directly from the structure of a time-
varying nletwork.
Batkov [231 anid, sonmew,hat earlier, Darlington [251

have indicated how the first two of these problems can
be solved. As for the third problenm, Kinarawala [26]
has showni how onie can adapt Bashkow's A-matrix
technique [27] to time-varying networks anid thereby
obtain (49) for aniy R(t)L(t)C(t) network without the
necessity of performing differentiations or integrations
on the loop or node equations of the network.
The basic idea behind the methods of Darlington

and Batkov is closely related to the partial-fractions
technique of Lur'e [28]' for casting into the diagonal
or, more generally, the Jordani canonical form, the
dynamical equations of the linear part of a nonlinear
system. Specifically, we observe that each term in the
expressioni for h(t, i)

(I) 1(-) L C(t)9A ) (51)

can be identified with the inpulsive response of a first-
order systemi. TIhus, we cani write

y(t) = xl(t) + * * * + X,,(t)
where xi(t) is definied by

rtxi(t) = f t'(t)0i(t)u(t)dS. (53)

Differentiatinig both sides of (53), we get
rt

xit) = C A(l)0"(i)u(i) + f Ai(t)OQ)uQ)d (54)
t 00

which cain be written as

i(C(t= xi(t) + 41i(t)0i(t)u(t), i = 1, , n. (55)

See also B. V. Bulgakov, "On normal coordinates," Prikl. Mat.
i Meh., vol. 10, no. 2, pp. 273-290; 1946.

These equations, together with (52), form the state
equations for the system, with

-+1111 0 0
A = o0 t2/A&2 0

o0 0 0

B101
B = 4/202

_+nfOn_

O
t2+ 1_

(56)

and a,° =an=1, 03= . .. =,Bm-n =-O (assuming
that m <n). The main advantage of this technique is
that it yields a diagonal A matrix.6
The same idea can be used to derive an analog of

the partial-fractions expansion for time-varying net-
works. As an illustration, consider a second-order
systemn characterized by a single differential equation

(p2 + a1(t)p + ao(I))y = (bQ(t)p + bo(t))u (57)
and let {1l and +2 be any two linearly indepenidenit solu-
tions of (p2 +aI(t)p+ao(t))y=0. Then,i Onl deniotiing
I, /;1 by X1, i2/V2 by X2, aind usinig the results just de-
scribed, we can write (with the dependence of xl, X1,
,/1, etc., on t implied but not exhibited explicitly)

X1= Xix, + k,lu
X2 = X2X2 + X/202U
y = XI + X2

(58)
(59)
(60)

which is equivalent to expressing y in the form
y = [(p - XI) 101]u + [(p- X2>'lhG,Iu (61)

where (p-X,)-l and (P-A2)-) deniote the operators in-
verse to p-Xl and p-X2, respectively. In effect, this
amounts to the partial-fractions expansion
(p2 + alp + ao)-'(b,p + bo)

= (P - X1) 1'i + (p - X2)-'f202 (62)
where, to recapitulate, I1, i/2 are two linearly independent
solutions of (p2+aip+ao)y=0

Xi = ;t ,t X2= 42/ I2 (63)
0,= (-pbi + bo),tl*, 02 = (-pbl+ bo)xt2* (64)

and i,* and V12* are two linearly inidepenident -solutionis
of the adjoint equation L*v = (p2 -pa +ao)y =O (satis-
fying [41] aind [42]).

Partial-fractions expansions of this type and their
application to the analysis and synthesis of time-vary-
ing inetworks have their origin in the work of Darling-
ton [25], [29], [30].

6 This technique results in a diagonal A even in the case of a timle-
invariant system whose characteristics equation L(p) =0 has re
peated roots. However, the price for this is that one or more of the
elements of A are functions of time rather than constants. If it is re-
quired that the elements of A be constants, then A can always be put
into the Jordan canonical form but not, in general, the diagonal form.
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The methods described above furnish a straight-
forward way for effecting a transition from a single
differential equation

Ly = u, (L of order n)
to the state equationis

It is easy to show that G(t, to) call be writteni in, this
lormn if, and onily if, the matrices A(t) anid f1,,A(4)di
commute, i.e,

(65)
(71)t to

x = Ax + Bu, A diagonal (66)
y =aaxi + * * * + anxn (67)

provided one knows a set of n linearly independenit solu-
tions of the homogeneous equation Ly=O. Note that if
A is not required to be diagonal, then the transition can
be effected in conventional ways without the knowl-
edge of solutionis of Ly = 0.

Frorm (66) and (67), one can pass to a more explicit
characLerization

x(t) = G(t, lo)X(to) ± f G(t, t)Bu(t)dt (68)
to

y = aixi+ * +anX (69)

by using the standard form of solution of the vector
equation (66). (See, for instance, Coddington and Levin-
son [24] and Laning and Battin [16].) The nXn
matrix G(t, to) appearing in (68) has as its ith columlln
(i 1, . . . , n) the functionis {i(t, to), { (jM(t, to), . ,
6(n-1)(t, to) where 4li(t, to) is the solutioni of Ly-0 which
satisfies the initial coniditions

dq6i (' t, to)
= 0

atk t==tQ

for k$i-1 (with k ranging over the set 0, * *, n-1)
and

= 1

for k=i- 1. G(t, to) is known by a variety of names of
which the transition matrix is the more frequently used
in engineering literature. (For a more detailed discussion
of the properties of G(t, to), see, for instance, Laning
and Battin [34] and Kalman and Bertram [35].)
Now suppose that one does not kniow a set of n

linearly indepenident solutions of Ly=0 or i=Ax. In
these circumstances, there is no genieral way of passing
from (65) or (66) to (68). However, there are special
cases for which G(t, to) can readily be found. One such
case has been discussed by Gauthier [36] and inde-
pendently by Kinarawala [26]. Specifically, this is the
case where, as in the constanit coefficieiit case, G(t, to)
can be expressed as

G(t, to) = exp - A(Q)d(. (70)
to

We turrn next to an importaint problem on which the
techniques discussed in this section have a signiificant
bearing. This is the problem of factorization.

III. PROBLEM OF FACTORIZATION
In dealing with stationary as well as nionistationary

timiie series and, more particularly, with problems of pre-
dictionI, detection anid filtering, it is frequienitly expedient
to emiiploy so-called spectrumii-slhapinig techniiques which
allow onie to miiodify at will the spectral denisity and the
correlationi funiction of a ranidomii process. TIlhe spectrumii-
shaping techniique was first used by Bode and Shannion
[31] anid inidepenidently by Zadeh anid Ragazziini [32].
Its extension to timiie-varyinlg systemiis was giveni by
Laning anid Battin [16] and Miller anid Zadeh [33].

In the case of nonistationiary processes, a typical
probleml- inl spectrumii shaping is the following. Giveni a
nonistationary process u(t), -X <t < with co-
varianice functioni R(t, T), finid a liniear nietwork B such
that the covarianice function of the process resultinig
fromii acting oi t' i t with B is b(t--r) (or, miore genierally,
a liniear comiibiniationi of 5 functions of various orders).
In other words, we wish to find a 13 such that y(t),
- 00 < Ko< , where y= B13, has white spectrumi. Fur-
thermore, we wish to characterize B by a single dif-
ferential equation.

This problem has an important bearing on the solu-
tioni of ani integral equation which is enicounitered very
frequently in the prediction, detection anid filterinlg of
nonstationary processes. The equationi inl question reads

rb
f(t) = R(t, r)x(r)dr, a <t<b (72)

where R(t, r) is a covariance function, f(t) is a given
function on [a, b], and x(t) is an unkniown function. It
is easy to show (see, for instanice, Miller and Zadeh
[33]) that the solution of this equation can be reduced
to the factorization of R(t, r). In this connection, it is of
interest to note that the methods given by Laniing and
Battin [16], Zadeh and MVIiller [33], Shinbrot [37], [38],
Pugachev [39], [40], and others, for the solution of this
equation are either explicitly based on the factorization
of R(t, T) or make an implicit use of it.

For our purposes, it will be somlewhat more convenieint
to discuss a converse problem, namely, that of finding a
spectrurn-shaping network B such that the covariance
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funiction of the process resulting from acting with B oIn
white noise is R(t, r). If the impulsive response of B is
denoted by h(t, (), then it is easy to verify that

roc
R(t, r) = f h(t, t)h(r, t)di. (73)

_00

Thus, in this case the factorization problenm becomes
that of solving the integral equation (73) for h(t, t).
[Note that if h(t, t) is assumned to be nonanticipative,
then the upper limit in (73) becomes Min (t, r). ]

If B is characterizable by a differential equationi of
order n, then its impulsive responise is of the form (45)

WIt O) = 1 (t-) E CU(tA( (74)

where the mieaninig of the 4'i and Oi was discussed pre-
viously. On substitutinig this expression inlto (73), onle
gets, after sonme straightforward miianiipulatioins

R(t, r) = E> (t)71(T),
i=l

= E: ki(T)7i(t),
.=I

t >T

t <r

(75)

(76)

jco. However, if 1) Hi(jw) is required to be minimium
phase (nio poles or zeros in the right-half planie), which
is equivalenit to requiring that the inmpulsive responises
hi(t) anid hi-1(t), corresponding to H1(jco) anid 1/H(ijco),
respectivelv (h1 = inverse Fourier transformii of H1,
h-'- iniverse Fourier trainsform of Hr'), be noinaniticipa-
tive, and 2) H2(jf) is required to be mlaximum phase
(no poles or zeros in the left-half plane), which is
equivalent to requiring that h2 anid h2-' be purely aintici-
pative, i.e., h2(t) = h-12 (t) =0 for t >0, theni the fac-
torization (76a) is essentiallv unique.
Now in the time-varying case, the algebraic decom-

positioni (76a) which corresponds to the conivolution

R(t) = f 11(t - Oh2(t)di
-x

is replaced by

Ro )

(76b)

(76c)

which is the composition17 of impulsive responses h1 anid
h2. Equivalenitly, (76c) imay be written as

(76d)
where

n rt
77t) = {j(t) Oj(t)0S(Q)dt, i=1, n.

j=l 00

Thus, if R(t, r) is giveni in this form, then the problem
of finiding the differential equation can be solved by
first finding h(t, t) [based oIn (74)-(76)] and then usinlg
h(t, t) to determine the differential equation by the
techniques described in the preceding section. Essen-
tially, this approach to the determination of the spec-
trum-shaping nietwork was developed by Darlington
[29] and, independenitly, by Batkov [41 ]. Darlington,
in particular, has considered the questions of existence
and uniqueness of a nonanticipative (physically realiz-
able) impulsive response h(t, t) satisfyiing the integral
euqation (73). However, neither Darlington nor Batkov
have proved that any giveni real-valued covariance
funiction (satisfying the conditioins of symmetry and
positive definiteness) cain be expressed in the fornm (73),
with h(t, t) being a real-valued function vainishing for
>t.
As is well known for the time-invariant case, a ra-

tionial spectral-density function S(w) [S(co)-Fourier
transform of R(t), with R(t) =R(t, 0) =autocorrelation
function] can be expressed in an infinitv of ways as a
product of factors Hl(jw) and H2(jc)

S(w) = Hl(jw)H2(jc) (76a)

if nIo restrictions are imposed on Hi(jw) and H2(jw) other
thani that H1 and H2 be rational and real functions of

where h2* iS the adjoint of h2 [i.e., h2*(t, h)-h2(, 1)1.2
Thus, in the time-varying case, the algebraic problem
of decomposition of S(CI) inlto two factors Hl(jc) anid
H2(jw) satisfying 1) and 2) becomles that of solvinig
the initegral equationi (76c) for h1 anid h2, unider the
conditioni that h1(t, t) and h1-'(t, t) vanish for t <t, anid
h2(t, t) anid h2-1 (t, t) vanish for t>t.

If h1 aiid 12 satisfy these conditionis anid R(t, r) is
symiimetric in its arguments [which in the stationiary
case corresponids to the conditioni that S(o) is an even
funlction of co], then hi =1h2* anid (76d) beconmes

R Min(t,r)
R(t, r) = lt(1, t)h-*(, r)dt

-00

(76e)

which is equivalent to (73). Now if: a) h(t, t) is regarded
as the impulsive response of a systemii characterized by
a differential equation

Ly = Mu (76f)
in which L and M are unideterminied differenitial opera-
tors, and b) R(t, t) is given ill the form (75), (76), thenl
by usinlg the techniques of Darlingtoni anid Batkov it is

7The composition of h,(t, t) anid h2(t, t) is dletiied as

1z3(t, t) = f Ii(, X)1z(X, )dX.

Essentially, if Bi is a system whose iipoLlsive response is hi(i = 1, 2,
3), then h3 is the imptilsive responise of B,B2, that is, the tancdem colm-
bination of B, and B2, with B, operating on the otntput of B2.
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a relatively simple matter to determine L. The deter-
mination of AllI, however, reduces to a problemi for w hich
nieither Darlingtoni nor Batkov give explicit solutions
except in certain special cases. Specifically, the prob-
lem is that of finiding a representationi for a given self-
adjoint differential operator K(K = K*) in the formi

From this and the pi eceding equations, it can be deduced
that a(t, O) satisfies a Fredholnmi integral equationi of the
second kind

=t
a (t, () = n (t, t) - 7(X7 t)a(tj X)dX, t> . (81)

K = M(p, t)M*(p, t) (76g)

where the product should -be understood in the operator
sense. In the time-invariant case, this problem reduces
to the straightforward algebraic problem of factoring an
even polynomial in p into the product of two real poly-
nomials which are complex conjugates of one aniother.
In the time-varving case, /lf anid Af* canl readily be
determined if one kniows a set of basis funictionis' for K
(which is analogous to knowing the zeros of K in the
time-invarianit case). Unfortunately, the assumption
that K is a differenitial operator with a knowni set of
basis functions is rarely satisfied in practice.
A differenit anid miiore genieral approach to the fac-

torization problemii was dleveloped by Levy in a series of
papers [42a]-[42c] dealinig with the theory of Wienier
processes.9 A fairly detailed exposition of those aspects
of Levy's mnethod which are relevanit to the factorization
problemn are conitainied in the appendix of Batkov's
paper [41]. Briefly, let 7j(t, r) anid 03(0, X) denote the
expressions appearing onl the right side of (77) and (78):

Now the function 7(t, () in (81) can be expressed ex-
plicitly in terms of R(t, T) and its derivatives by express-
ing the two factors in the denonminator of i7(t, O) [see
(77) ] in terms of R(t, T). For example,

aen-n- Ih(, A) 1.
.n 1 J ~ - >W/(-l)tm-lR2-2nn-1(G, 0). (82)

Thus, (81) can be solved, in principle, for a(t, t) in
tern-ms of i7(t, t). Then, knowing a(t, t), one cani determine
f(t, t) from (80). Finally, h(t, T) is found froml- the rela-
tioIn (note the interchange in argumenits in h)

I tOrTX t) = 7t(t, T) - a (/, X),y(X r)d,\ t< r (83)

where
On-mR(t, T)

atii,-nt
'}'(t, T) =X

an-r- l(t, X) 1
9tn-nt- I =t

t <7 (84)

v (t, r) =

32n -2nlR(t, T)
at1it-MT7 1M

a nm/z(t, X)- a m 1(1(, A)1
nj7-n-1 J t n-m/ l

,an-mb(0 X)
in-

O(0, X) =

aen-lhfI )-

0>x

it is easy to verify that 03(t, t) satisfies a Volterra equa-
tion of the second kind

rt
7(, 7T)-J (t, X)#(,r, X)dX + O(t, r), t < T. (79)

The resolvent of this equation, a(t, t), is by definition
a function satisfying the integral equation

rt
/3(1, t) = a(t,) + (X t)a(t, X)dX. (80)

The basis functions of a differential operator L of order n are any
n linearly independent solutions of the differential equation Lu = 0.

9 A Wiener process is the integral of white noise, with the limits of
integration being 0 and t.

and the deniominator of y(t, T) is expressible in terms of
R(t, r) in the mianner cited previously. In summary, by
the use of this technique, the solution of the integral
equation (73) for h(t, t) is reduced to the conisiderably
simpler problem of solving the Fredholm equation (81)
for a (t, X).
The problem of factorization is encountered also in

the analysis of multipath communicatioIn systems [43],
[44], where it leads to integral equations of the form
(73) defined on1 a finite interval. Such equations have
been discussed by Kailath [431 and Middleton- [44].

IV. RANDOMLY-VARYING SYSTEMS
Linear randomly-varying systems play an important

role in problems encountered in the study of such varied
phenomena as propagation through time-varyin-g media,
reflection from fluctuating targets, turbulence, scatter-
ing, amiiplitude and phase miiodulation, m-agnietohydro-
dynamiiics and plasma.

Despite their importance, few if anly attempts at
studying the behavior of randomly-varying systems onl
a theoretical level were made prior to 1950. The papers
published since then deal almiost entirely with systems
in which the random variations in parameters are
stationary. This restriction is an essential onie, since
fronm a statistical viewpoint a stationary randomly-
varying system behaves in some respects like a time-
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invariant systemn. For exalmiple, if onie is observing the
input and output of a tinme-varying black box B and it
is not known whether B is linear or nonlinear, then there
is no way of deciding between the two alternatives if B
is nonstationarv. On the other hand, if B is stationary,
then it can be shown that B is linear if it has the follow-
ing extended superpositioni property. Let { u (t),
- c<t<cc} anid Tv(t), -o <t<cc} be two inde-
pendent stationary processes which are independent
also of the ranidom processes governing the behavior of
B. Let R,,(r) aind R,(T) be the correlation functions of
the processes resulting from operating with B on the
ultl and {v} processes, respectively. Let RU+±,v,(T) be
the correlation fuinction of the process resulting from
operating with B oIn the process au+fv }, where a and
3 are arbitrary real constanits. If

Rau+0v(r) = a2R,,(r) + 32R,(T) (85)

for all a, i,tu aid Tv }, then we shall say that B has
the superposition property for correlationi functions.
Clearly, any stationary linear system will have this
property, and the converse can also be demonstrated to
be true. Consequeintly, (85) can be used as a basis for
determining whether B is linear or nionlinear by ob-
servinig the iniput and output of B over periods of time
sufficiently long to enable the observer to obtain ac-
curate estimates of the correlation functions inivolved
in (85). It is tacitly uinderstood, of course, that B is
such that in the absenice of input its state reverts to the
ground (unexcited) state as t-> oc.
The correlation function of the output y of a sta-

tionary system B which is subjected to a stationary
input process u } can be conveniently expressed in
terms of the correlation function of B. Specifically, the
correlation funiction of a stationary randomly-varying
system B is defined as follows (see Zadeh [45], [46]):

R(jw, r) = E{ H(jco, t)H(-jw, t + r) } (86)

where H(jw, t) is the frequency-response funiction of B,
and E denotes the expectation operator. (It is under-
stood that, for each real w, TH(ijc, t), - cc <t< oc } is a
stationary ranidom process.)

If fu(t) } and TH(jw, t) } are independeint, then it can
readily be showni that the correlation function of the
output process, R2(r), is related to R(jcf, r) and the
correlation function of the input process RU(T) through

Ry(r) = - R(jw, T)FI R,(T) } ejwrdw
2 r _00

(87)

where FT R,,(r) } is the Fourier transform of the inlput
correlation function. This relation is of the same form
as the equation expressing the output of a time-varying
network with frequency-responise function R(jW, r), with

the input beinig R,,(T). [Compare (3). ] Relations of the
form (87) have been applied by Bugnlolo [47], [48]
to the analysis of scattering by ranidomly-varying
media.

In the special but signiificant case of a system charac-
terized by an input-output relationship of the form

y(/) = u(t -ac())
the frequency-responise function reads

H(jw, t) = e-ia(l)

(88)

(89)
where a(t) plays the role of a variable time delay. If
{a(t) } is assumed to be a stationary Gaussian process,
then the expression for R(jcw, r) is

R(jw, T) = exp {w2[R(T) - R(O)]j (90)
where R(T) is the correlationi funictioin of ta(t)}. This
result was extended by Price [50] to systems for which
H(jco, t) is of the form

H(jo, 1) = E aieiJwi(t) (91)

where the Tai(t) I are inidependent stationiary Gaussian
processes. Such systemns are eiicountered in coninectioni
with the detection of fluctuatinig targets-a subject
that is discussed at length by Price [511 anid Price anid
Green [52]. A inore detailed account of the results ob-
tained by Price, Price and Green, Kailath [52], [53],
anid others, in conniectioni with the identification- of rani-
domly-varying systems will be presented ill Part II of
this paper.
Although the correlation functioni R(jf, T) of a sta-

tionary randomly-varying system B, or miiore generallv,
the function R(jw, jw', r)

R(jco, jw', r) = E H(jw, t)H(jw', t + T)} (92)
which is the expectation of the product of H(jw, t) anid
H(jw', t+r), conveys considerable informationi concern-
ing the statistical characteristics of B, its application
is limited to those systems which are characterized by
their frequency-response functions. If-as is frequently
the case-B is characterized by a differenitial equationi
with randomly-varying coefficients, theni it is generally
simpler to employ more direct techniques for studyiiig
the behavior of B in statistical terms. For exaimiple, if in

dnyan(t)
d

+ - + ao(t)y = u(t)
dtn

each ai(t) can be expressed as

ai(t) = ai(t) + es(t)

(93)

(94)
where di(t) is the expected value of ai(t), anid es(t) is in
some suitable sense small compared with da(t), then (93)
can be solved by the usual perturbation techiniques,
with y expressed as the sum of a nonrandom termii anid
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