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A FUZZY-SET-THEQRETIC APPROACH TO THE COMPOSITIONALITY
OF MEANING: PROPOSITIONS, DISPOSITIONS AND CANONICAL
FORMS *

L.A. Zadeh

Abstract

In its traditional interpretation, Frege's principle of compositionality
fs net sufficiently flexible to have' a wide applicability to natural
languages. In a- fuzzy-set-theoretic setting which is outlined in this
paper, Frege's principle is modified and broadened by allowing the
meaning of a propesition, p. 10 be composed not from the meaning
of the constituents of p,,but, more generally, from the meaning
of a collection of fuzzy relations which farm a so-called explanatery
database that {3 associated with p. More specifically, through the
application of test-score:sémantics, the meaning of p is represented as
a procedure which tests, scores ond aggregaies the elastic constraints
which gre implicit in p¢ The employment of fuzzy sets in this seman-
tics allows pto contain fuzzy predicates such as tall, kind, much
richer, etc.; fuzrzy quantifiers such os most. several, few, usually
ete.: modifiers such as very, more or less, quite, somewhat.ete.; and
other types of semantic entities which connot be dealt with within
the frameworic of classical logic.

The approach described in the paoper suggests a way of representing
the meaning of dispositions, e.g., Overeating causes obesity, ley
roads are siippery. Young men like young women @2Lc. Specifically,
by wviewing a disposition, d, as a proposition with implicit fuzzy
quantifiers, the problem of representing the meaning of d may be
decomposed (nto (a) restoring the suppressed [uzry quantifiers and/or
fuzzifying the nonfuzzy quantifiers in the body of d; and (b} represent-
ing the meaning of the resulting dispositional proposition through
the use of test-score semantics.

To place in evidence the logical structure of p and, at the same
time, provide a high-level description of the composition process,
p may be expressed in the canonical form "X is F" whers X=(X1,...,Xn}
is an ¢mplictt n-gry variable which s constrgined by p, and F is
a fuzzy n-ary relation which may be interpreted as an elastic con-
straint on ¥ This canonical form and the meaning-composition process
for propositions and dispositions are illustrated by several examples
among which is the proposition p4 Over the past few years Naomi
sarned far mare than most of her close friends.
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1. Introduction

It is widely agreed at this juncrure that Frege's principle of compo-
sitionality has a rather limited validity in application to natural
languages (Hintikka (1982)). However, as is well known, itsapplica-
bility may be extended, as it is done in Montague semantics (Partee
(1978)), by the employment of higher-order type-theoretical constructs.

A different approach which is described in this paper is based on
a broader interpretation of compositionality which allows the meaning
of a proposition to be composed not from the meaning of its constitu-
ents, bur, more generally, from the meaning of a collection of fuzzy
relations in what is referred to as an explanatory database. With this
interpretation of compositionality, Frege's principle regains much
of its validity and, in its modified form, provides a basis for represent-
ing the meaning of complex propositions and other types of semantic
entities. In particular, it may be “used to represent the meaning of
propositions containing fuzzy predicates’exemplified by tall, kind,
much younger, close friend, etc.; fuzzy quantifiers such as most, many,
few, several, not very mary, frequently, rarely, mostly, etc.; modifiers
such as very, quite, more or less, somewhat, etc.; and qualifiers
such as quite true, very unlikely, almost impossible , stc.

An especially important application of the approach described in
this paper relates to the representation of the meaning of dispositions,
‘that is, propesitions with implicit fuzzy quantifiers. For example,
the disposition Overeating causes obesity may be viewed as a result
of suppressing the fuzzy quantifier most in the proposition Most of those
who overeat are obese. Similarly, the disposition Young men like young
women may be interpreted as an abbreviation of the propositicn M o st
young men like mostly young women. On the other hand, the propesition
Anne never 2fly 3 {i{e may be interpreted as the dispositional
proposition Anne teils a lie very rgrely, in which the fuzzy quantifier
very rarely may be viewed as a fuzzified version of the nonfuzzy
quantifier never. In general, a disposition may have a number of
different interpretations and the restoration or explicitation of fuzzy
quantifiers is an interpretation-dependent process.

2. Test-Score Semantics

The meodified Frege's principle underiies a fuzzy-set-based meaning-
representation system termed test-score semantics (Zadeh (19%31)).
In this system, a semantic entity such as a proposition, predicate,
predicate-modifier, quantifier, gualifier, command, etc., is regarded
as a system of elastic constraints whose domain is a collection of
fuzzy relations in 2 database - a database which describes a state
of affairs, a possible world, or more generally, a2 set of objects or
derived objects in 2 universe of discourse. The meaning of a semantic
eantity, then, is represented as a test which when applied to the database
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yields a collection of partial test scores. Upon aggregation, these
test scores lead to an overall vector test score, T, whose components’
are numbers in the unit interval, with = serving as a measure of the
compatibility of the semantic entity with the database. In this respect,
iBsT-sCOre semantics subsumes both truth-conditional and possible-
world semantics as limiting cases in which the partial and overall
test scores are restricied to {pass, fail} or, equivalently, { true, false}
or {1, 0}

In more specific terms, the process of meaning representation
in test-score semantics involves three distinct phases. In Phase |,
an explanatory database frame or EDF, {for short, is constructed.
EDF consists of a collection of relational frames, l.e., names of rela-
tions, names of attributes and atrtribute domains whose meaning is
assumed to be known. In conseguence of this assumption, the choice
of EDF is not unique and is strongly influenced by the knowledge
profile of the addressee of the representation process as well as
by the cbjective of explanatery effectiveness. For example, in the
case of the proposition p A Owver the ‘past few years Naomi earmed
far more than mest of her close friends, the EDF might consist "of
the following relations: INCOME [Name: Amount; Year], which lists
the income of each individual identified by his/her name as a function
of the variable Year; FRIEND [Name,u], where W is the degree to
which Name is a friend of Naomi; FEW [Number;u], where u is the
degree to which Number is’ compartible with the fuzzy number few:MOST
[Proportion;w] in whichu is the degree to which Proportion is compat-
ible with the fuzzy qudntifier most; and FAR MORE [Income 1; Income
2;u ], where u is the degree to which Income 1 fits the fuzzy predicate
far more in relation to Income 2. Each of these relations is interpreted
as an elastic constraint on the variables which are associated with
iz. :

In Phase 2, a test procedure is constructed which acts on the rela-
tions in the explanatory database and yields the test scores which
represent the degree to which the elastic constraints induced by the
constituents of the semantic entity are satisfied. For example, in
the case of p, the test procedure would vield the test scores for
the constraints induced by the relations FRIEND, FEW, MOST and
FAR MORE.

In Phase 3, the partial test scores are aggregated into an overall
test score, T, which, in general, is a vector which serves as a measure
of the compatibility of the semantic entity with an instantiation
of EDF. As was stated earlier, the components of this vecter are
numbers in the unit interval or, more generally, possibility/probability
distributions over this interval. In particular, in the case of a propo-
sition, p, for which the overall test score is a scalar, T may be inter-
preted as the degree of truth of p with respect to the explanatory
database ED(i.e., an instantiation of EDF). It is in this sense that
test-score semantics may be viewed as a generalization of truth-condi-
tional and model-theoretic semantics.

In summary, the process described above may be regarded as a
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test which assesses the compatibility of a given propesition, p. with
an explanatory database, ED. What is important to nete is that the
meaning of p is the test itself rather than the overall test score,
T, which it yieids.

In effect, the test in gquestion may be viewed as the process by
which the meaning of a proposition is composed from the meaning
of the constituent relations in the associated explanatory database.
As was stated earlier, the essential diiference between this approach
to compositionality and that of Frege is that, in general, the meaning
of a propositisn, P, is composed not from the meaning of the constitu-
ants of p but from those of a database, EDF, which Is canstructed
for the explicit purpose of explaining or representing the meaning
of p in terms of fuzzy relations whose meaning is assumed to be
known to the addressee of the representation process.

In some instances, the names of constituent relations in the explana-
tory database may bear a close relation to the constituents of the
proposition. [n general, hnwever,_“th_g connection may be implicit
rather than explicit. :

In testing the constituent relations in EDF, it is helpful to have
3 collection of standardized rules for computing the aggregated test
score of a combination of eldstic constraints Cy,..., €, from the know-
ledge of the test scores of each constraint considered in isolarion.
For the most part, such rules are default rules in the sense that they
are intended to be used in the absence of alternative rules supplied
by the usar. :

In test-score semantics, the elementary rules of this type are the
foilowing:’

Rules pertaining to unary medification

If the test-score for an elastic constraint Cin a specified context
is T, then in the same context the test score for
{a) not C is | - T (negation).
(8) wvery C is T(intensification or concentration).
{c) more or less C is T3{diffusion or dilation).

Rules pertaining to compasition

If the test scores for slastic constraints C1 and C;z in & specified
context are T; and T, , respectively, then in the same context the
test score for
{a) C1and Czis T{ATj, where A 4 min (conjunction).

() Ci1or C is T{vTy wherevi max (disjunction).
(¢) If Cithen G 5 lall -T1+%) (implication)

Rules pertaining to quantification

Let Qbe a fuzzy quantifier (i.e., a fuzzy number) which is characrer-
ized by its membership function uP
Let A and B be fuzzy subsets of a universe of discourse U=iu,,....u.k
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with respective membersmy(: funciions 'I-L and 1
Define the sigma-count (i.e., the cari maln: ‘?cf A as the real number:
L Count (4) & Iiugl(ws)
whereu, () i = lyeeqny is the grade of membership of u; in A. 2
Define the relative sigma-count of B in A as the ratio

™
% Count (B/A)= E%g‘_—f‘l;,,i—f;“rjﬂ’

Do (ug) A ualug)
Tl ()

Then, the overall test score for the generic proposition

-

B AQ A'sare B's, ”

where A's and B's are genefic names of the elements of A and B, is
given by

t = ug(3Count (B/A) .

In effect, this expression indicares that the compatibility of p with
the denorations of Aand B is equal to the degree to which the proper-
tion of B's in A - or, more generally, the degree of containment of
Ain B - fits the denotation of 4.

As an illustration of the use of some of- these rules in test-score
semantics, consider the proposition cited earlier, namely, p 4 Cver the
past few years Naomi eamed far more than most of her close friends.
In this case, we shall assume, as was done earlier, that the constituent
relations in the explanatory database are:

EDF & INCOME [Name; Amount: Year] =
FRIEND [Name;u] +
FEW [Number; u] +
FAR MORE [(Income I; Income 2;u] +
MOST [Proportion: uj .

Mote that some of these relations are explicit in p; some are not;
and that most of the constituent words in pdo not appear in EDF.

In what follows, we shall describe the process by which the meaning
of p may be composed from the meaning of the constituent relations
in EDF. Basically, this process is a test procedure which tests, scores
and aggregares me elastic constraints which are induced by p.

l. Find Naomi's income, [IN;, in Year, , i=l,2,34s.y counting backward
from present. In symbols,
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INi & amount INCOME [Name=Naomt;Year=Year ]

which signifies that Name is bound to Naomi, Year to Year; , and the
resulting relation is projected on the domain of the attribute  Amount,
vielding the value of Amount correspending to the Values assigned
to the attributes Name and Year.

2. Test the constraint induced by FEW:
b Wy &4, FEW [Year=Year; ],

which signifies that the variable Year is bound to Year; and the corre-
sponding value of W is read by projecting on the domain of u .

3. Compute Naomi's total income during the past few years:

'FfN- By dNg,
in which thelm pla.y the role of we:ghnng coefficients. Thus, we are
tacitly asuming “that the total income earned by Naomi durmg a fuzzily
specified interval of time [s pbtained by weighting Naomi's income in

year Year; by the degree to which Year; satisfies the constraint induced
by FEW and summing up the weighted incomes.

%, Compute the total income of each Name; (other than Naomi) dur-
ing the past few years:.

TI Numsgf =Es quNume;:T; .y
where [Name;; is the income of Name; in Year;.

5. Find the fuzzy set of individuals in relation to whom MNaomi earned
far more. The grade of membership of Name; in this set is given by

ury (Name; )= [ FAR MORE[Incomel=TIN; Income 2=TIName; 1

6. Find the fuzzy set of close friends of Maomi by intensifying (Zadeh
{1978)) the relation FRIEND :

CF & CLOSE FRIEND & ‘FRIEND.
which implies that
Jep (Name; J=( ,, FRIEND[Name=Name; ] *,
where the expression
L FRIEND[Name=Name, ]

represents ug(Name;} , that is, the grade of membership of Name, in
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the ser of Naomi's friends.

7. Count the number of close friends of Maomi. On denoting the
count in question by ECount (CF), we have:

Lloune(CF) = D8 rRIEND( deme ;)

4. Find the intersection of FM with CF. The grade of membership
of Name‘- in the intersection is given by

Yiwm oF {Nﬂmeéﬂﬂm {Name;) A bFdemEI‘;r'},

where the min operator signifies that the intersection is defined
as the conjunction of its operands.

9. Compute the sigma-count of FM ™ CF:
ZCount(FMNCF)=1L o NﬂTEjJ A uoz{Name o).

10. Compute the relative sigma-count of FMin CF, i.e., the propor-
tion of individuals in FMNCF who are in CF:

E Count (FMn CF)
= I .
"' Count (CF)

l1. Test the constraift induced by MOST:
T =, MOST [Proportion=g],

which expresses the overall test score and thus represents the compati-
bility of pwith the explanatory database.

In general, the relations in EDF are context-dependent. As an
illustration, consider the proposition

x] gsam are tall,

in which the standards of tallness are assumed to be class-dependent,
e.g., depand on whether an individual is male or female. To reflect
this, we may express the EDFfor p in the following form:

. EDF & POPULATION {Name; Height; Sex;] +
Indexical -'-Numeu +

Indexical - Name 5 +

TALL [Height: Sex; L],

in which the notation Indexical = Name,. indicates that Mﬂmec is an
indexical object,. i.e., is pointed to by the context. More specifically,
we assume (a) that Namey and Nameg are the names of two individuals

in POPULATION who are pointed to by the context in which p is assert-
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ed; and (b) that the relation TALL is sex-dependent, with [ represent-
ing the degree to which an individual whose height is Height and whose
sex is Sex is tall

For the EDF in question, the steps in the test procedure which
leads to the overall test score and thereby represents the meaning
of p may be described as follows:

l. Find the height and sex of Namegand Nameg:

Height (Nameg) 2 .. ,sPOPULATION [Name=Name 4
Sex (Namey)s , . POPULATION [Name=Name,]
Height (Nameg) 2 y4iuePOPULATION [Name=Nam
Sex (Namq}ﬁs“ POPULATION fNama=Nameﬂ} .
2. Find the degrees to which Name and Name are 1all:

=, 4w TALL [Height=Height (Nameg); Sex=Sex (Namegl]
:, 4w TALL [Height=Height (Nameg); Sex=Sex (Nameg)] .

3. Aggregate the test scores found in 2:
T=TgAT
in which we use the min cperator [ A ) to combine the test scores
Taand into the overall test score T.

As an illustration of the compositionality of meaning in the case
of dispositions, we shall consider, first, the following simple dispo-
sition:

d A Claudine is a better tennis player than Michael.

For concreteness, d will be assumed to have the interpretation expres-
sed by the proposition

p & When Claudine and Michael play tennis, Claoudine usually wins.

The EDFfor p is assumed to consist of the relations

EDF 4 PLAY TENNIS [Cutcome+
USUALLY [Proportion;ul.

The relation PLAY TENNIS represents a tally of the outcomes of
n plays between Claudine and Michael, with the vlariai:!e Cutcome ran-
ging over the set {Win, Lose}, and with Win implying that C_lgudm_e
won the game. The relation USUALLY is a temporal fuzzy quantifier with
L representing the degres to which a numerical value of Proportion fits
the intended meaning of USUALLY.

The steps in the test procedure are as follows.
|. Find the proportion of plays won by Claudine:
p=21Count (PLAY TENNIS [Outcome=Win].
2. Test Ttlhe constraint induced by USUALLY:

2al J5, vol. 2, no. 3/4
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T =, USUALLY [Proportion=dl

This expression for T represents the overall test score for d .

We can make use of the above result to represent the meaning of
a more complex disposition, namely,

d& Men are better tennis players than women,
which will be assumed 1o be interpreted as the proposition

p 4 Most men are better tennis players than most women,
with the associated EDFconsisting of the relations

EDF &4 POPULATION (M. Name; F. Name;uj+
MOST [Proportion; nl

For simplicity, we assume that there are n men and n women in POPU-
LATION, with u representing the degree - computed as in the above
example - to which M. Name is a bettef tennis player than F. Name.
(More specifically, iy ; is the degree td which M. Name; is a better ten-
nis player than F. Nﬂmei. Lj=1,..an)

The steps in the test procedure are as follows:

l.  For each M. Name;, find the proporticn (i.e. the relative sigma-
count) of women tennis players in relation to whom M. Name; is a
better tennis player:

L] J. - & w L
2. For each M. Name;, find the degree to which M. Name; is a better
tennis player than most women:
Ty 4  MOST [Proportion=pJ.

3. Compute the proportion of men who are better tennis players
than maost women:

p = %E*:Tsﬁ
4. Compute the test score for the constraint induced by MOST:
T =, MOST [Proportion=qj.
This T represents the overall test score for d.
As an additional illustration, consider the disposition
d & Young men like young women
which, as stated earlier, may be interpreted as the proposition
p & Most young men like mostly young women.

The candidate EDF for p is assumed to consist of the following
relations:

EDF 4 POPULATION [Name; Sex: Agel+
LIKE [Name 1; Name 2; uJ+
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