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Abstract—The conventional approaches to decision analysis are based on the assump-
tion that the probabilities which enter into the assessment of the consequences of a
decision are known numbers. In most realistic settings, this assumption is of question-
able validity since the data from which the probabilities must be estimated are usually
incomplete, imprecise or not totally reliable.

In the approach outlined in this paper, the probabilities are assumed to be fuzzy
rather than real numbers. It is shown how such probabilities may be estimated from
fugzy data and a basic relation between joint, conditional and marginal fuzzy proba-
bilities is established. Manipulation of fuzzy probabilities requires, in general, the use
of fuzzy arithmetic, and many of the properties of fuzzy probabilities are simple
generalizations of the corresponding properties of real-valued probabilities.

I. INTRODUCTION

Computer-assisted decision analysis is likely to play an increasingly important role in
applications—such as command and control—in which vast amounts of information in the
database exceed the capacity of the unassisted human mind to assess the consequences of
various alternatives and choose that action which is optimal with respect to a set of specified
criteria.

An issue which complicates the determination of an optimal action is that in most
realistic settings the information which is available to the decision maker is imprecise,
incomplete or not totally reliable. In the conventional approaches to decision analysis,
uncertain information is treated probabilistically, with probabilities assumed to be known
in numerical form. In an alternative approach which is described in this paper, a more
realistic assumption is made, namely, that probabilities are known imprecisely as fuzzy
rather than crisp numbers. Such probabilities—which will be referred to as fuzzy
probabilities—are exemplified by the perceptions of likelihood which are commonly labeled
as very likely, unlikely, not very likely, etc. [29].

The concept of fuzzy probability is distinct from that of second-order probability (i.e. a
probability-value which is characterized by its probability distribution) and contains that of
interval-valued probability as a special case. As will be seen in the sequel, in our formulation
of the concept of fuzzy probability, the uncertainty in probability is characterized by a
possibility[26] rather than probability distribution. In our view, the use of possibility rather
than probability in this context leads to a more effective way of dealing with uncertain
probabilities and provides a basis for a natural generalization of classical probability theory.

2. THE CONCEPT OF FUZZY PROBABILITY

Theories of subjective probability provide ways of eliciting probability judgments but do
not have much to say about the processes by which such judgments are formed. To relate
this issue to the concept of fuzzy probability, it is instructive to consider an elementary
example of a situation in which an imprecise perception of probability is formed and in
which the underlying uncertainty is possibilistic rather than probabilistic in nature.
Specifically, consider the following question, in which the italicized words have a fuzzy
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meaning: An urn contains approximately n balls of various sizes, of which several are lurge.
What is the probability that a ball drawn at random is large?

If the information-bearing terms in the question, namely, approximately n. several and
large were real numbers, the answer to the question would be a numerical probability. But,
since these terms are fuzzy rather than real numbers, it should be expected that the desired
probability, like the data on which it is based. is a fuzzy number, i.c. a fuzzy probability.

This conclusion may be stated more succinctly as a principle, namely: Fuzzy information
induces fuzzy probabilities. What is important to note is that this principle 1s at variance
with the traditional Bayesian point of view which implies that probabilities are real
numbers regardless of the nature of the underlying data.

To support our principle, we have to be able to demonstrate how fuzzy probabilities
may be computed from fuzzy data. To this end, it is necessary, first, to provide a
mechanism for counting the number of elements in a fuzzy set, i.e. for determining its
cardinality or, more generally, its measure. We need this mechanism to precisiate the
meaning of fuzzy descriptions such as several large balls and to be able to answer fuzzy
questions like, “How many combat-ready ships are there in the vicinity of the Persian
Gulf?”

In what follows, we shall limit our discussion of the cardinality of fuzzy sets to what
is needed to enable us to define fuzzy probabilities in more concrete terms than we have
done so far. A more detailed discussion of related issues may be found in [25. 27 and 28§].

Consider a fuzzy set 4 which is represented as

A=y + .+ walu, (1.1)

where g;, i = |...., n, is an element of a universe of discourse U. 4 is the grade of
membership of «; in A, and + denotes the union rather than the arithmetic sum.

Strictly speaking, it is not meaningful to ask for a count of the elements of U/ which
are in A, since some of the elements of U may be in 4 “to a degree.”” Nevertheless, it is
useful to have one or more extensions of the conventional concept of cardinality which
make it meaningful to speak of the ““count™ of elements of a fuzzy set. One such extension.
which was suggested by DELuca anp TERMINI[3]. is the power of A. which is defined as
the arithmetic sum of the grades of membership in 4 of all elements of U. For our
purposes, it is preferable to refer to this count as the sigma-count of 4 and write

A
X Count(4)= Zyu, (1.2)

with the understanding that, when appropriate, the right-hand member of (1.2) may be
rounded to the nearest integer.
Example: Assume that U is comprised of the elements «, b. ¢. d. ¢ and f. Then

% Count (0.8/a + 0.3/b + 0.8/¢c + 1/d +0.2/e) = 3.
An alternative extension which was suggested in [25] defines the count of A4 as a fuzzy

number. More specifically. let 4, be the a-level-set of A. i.c. the nonfuzzy set defined by
4]

A = lpaluy) = of 0 > o = e = 1000, i, (1.3)

A . . . . . . .
where w; = palig) i =100, . is the grade of membership of «; in A, Then. as shown

in [24]. A may be expressed in terms of the 4, by the relation
A= Dadl. (1.4

where X stands for the union, and «A,, is a fuzzy set whose membership tunction is defined
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by
Haa,(u) = o for ued,
=0 elsewhere. (1.5)
For example, if U ={a, b, ¢, d, e, f} and
A=08/a+0.3/b+0.8/c +1/d+0.2/e (1.6)

then
A ={d}; Ajy=1{a,c,d}; Ajy=1{a.b,c,d}; Ay, =1{a,b,c,d e} and (1.4) becomes
A=1/d+08/(a+c+d)+03/(a+b+c+d)+02{a+b+c+d+e). (1.7

Now, let Count(A4,) denote the count of elements of the nonfuzzy set A,. Then, the
FGCount of A, where F stands for fuzzy and G stands for greater than, is defined as the
fuzzy number

FGCount (4) z Z,o/Count (4,) (1.3)

with the understanding that any gap in the Count (4,) may be filled by a lower count with
the same a. For example, for A defined by (1.6), we have

FGCount(4)=1/1 +0.8/3 +0.6/4 +0.2/5
=1/0+1/140.8/24+0.8/3+0.6/4 + 0.2/5. (1.9
Let A| denote A sorted in descending order and let NA| denote the fuzzy number

resulting from replacing the mth element in 4 | by p,/m and adding the element 1/0. For
example, if

A=0.6/a+09/b+1/c +0.6/d+02]e (1.10)

then
Al=1/c +09/b +0.6/a +0.6/d + 0.2/e (1.11)
NA| = 1/0 + /1 + 0.92 + 0.6/3 + 0.6/4 + 0.2/5. (1.12)

In terms of this notation, then, the definition of FG Count (A) stated earlier (1.8) may
be expressed more succinctly as

FGCount(A4)= NA|. (1.13)

To illustrate the use of the concepts defined above, we shall show how to arrive at an
answer to a question raised earlier, namely, “How many combat-ready ships are there in
the vicinity of the Persian Gulf?”

Assume that in the database we have a relation LIST [Name; uCR; uProx] which lists
the name of each ship; its degree of combat-readiness, uCR; and its degree of proximity
to the Persian Gulf, uProx.

Furthermore, we assume that only those ships are to be considered whose degree of
proximity to the Persian Gulf exceeds a specified threshold, say 0.6.

From the relation LIST we can derive another relation LIST[Name; uCR A uProx],
in which yCR A uProx denotes the combined degree of combat-readiness and proximity
to the Persian Gulf. For example, if the degrees of combat-readiness and proximity of a
ship S1 are 0.8 and 0.7, respectively, then the combined degree will be assumed to be the
smaller of the two degrees, i.c. 0.7. More generally, in place of A (min) any desired mode



366 L. A. ZADEH

of aggregation may be employed to express the combined degree as a function of its
constituents.

To be specific, assume that the relation LIST[Name; xCR/uProx] reads

LIST Name #CR A pProx

S1 0.9
S2 !

S3 0.6
S4 0.7
Ss 0.8
S6 0.7
S7 0.9
S8 1

S9 0.8

Upon using (1.2), the Z-count of LIST is found to be given by:
%Count (LIST) = 8.
On the other hand, uvsing the definition of FGCount, we obtain the fuzzy number

FGCount (LIST) = 1/0 + 1/1 + 1/2 4+ 0.9/4 + 0.8/5
0.8/6+0.7/74+0.7/8 + 0.6/9.

A constituent such as 0.8/6 in this number signifies that there are six ships whose combined
degree of combat-readiness and proximity to the Persian Gulf is greater than or equal to
0.8.

In addition to providing a basis for answering questions of the form “How many
objects are there which satisfy a set of specified fuzzy criteria?”, the concept of cardinality
serves also as a means of precisiation of descriptions of the form QAO, where Q is a fuzzy
quantifier, e.g. several, many, few. etc.; A is a fuzzy adjective, e.g. tall, combat-ready, blue,
young, etc.; and O is the description of an object, e.g. ball, ship, car, man, etc. As will be
seen in the sequel, the ability to precisiate the meaning of such expressions plays an
essential role in the computation of fuzzy probabilities.

As a concrete illustration, consider the description

&
d = several large balls. (1.14)

Using test-score semantics[28], the meaning of d may be defined as a test procedure
which yields the degree of compatibility of ¢ with a database which consists of a collection
D = {b\.....by) of mballs of various sizes. More specifically. let u arce(b;) be the
degree to which aball, b;, i = 1, ..., m,is large. Furthermore, let useverar denote the
membership function of the fuzzy quantifier several. Then, on employing the X-count of
large balls, we have

$Count (LARGE BALL) = 27, ity arce(h) (1.15)

and hence the degree to which this count satisfies the constraint induced by the quantifier
several is given by
T = pgpverar{Z? Harce(b)). (1.16)

As shown in [27], the degree of compatib[illity, 7, may be interpreted as the possibility of
the database, D, given the description d = several large balls.
Alternatively, the compatibility of d with D may be computed by using the £G Count.
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Thus, let 7,

Ty i ﬂLARGE(bI) /\ . A ﬂl,ARGE(bm)

represent the degree to which the constraint on the size of the balls is satisfied. Now, the
degree to which the constraint on the number of balls is satisfied is given by

T: = pMseveran{n) (L.17)

and hence the degree to which both constraints are satisfied may be expressed as

=1 /N\T1

= useveraL(M) N parce(d1) N .. . /N g arce(bm), (1.18)

where /\ denotes the min operator in infix form. This expression for the compatibility of d
and D corresponds to what is referred to in (28] as a compartmentalized interpretation of
the description d = several large balls.

The foregoing analysis provides us with a means of precisiating the meaning of descrip-
tions of the general form QAO, of which d = several large balls is a typical instance. With
this means, then, we can address the issue of computing fuzzy probabilities when the un-
derlying data contain fuzzy descriptions.

As a concrete illustration, we shall consider a slightly simplified version of a question
that was posed earlier. Specifically:

An urn contains m balls of various sizes, of which several are large. What is the prob-
ability that a ball drawn at random is large?

The simplification—which is not essential—is that the number of balls in the urn is
assumed to be m rather than approximately m. Furthermore, in the representation of the
meaning of several large balls we shall employ the ZCount rather than the FGCount.

Assume that the urn, U, consists of the balls by, ..., by, With giarced), i =
I, ... m, representing the grade of membership of b; in the fuzzy set LARGE. Now from
(1.16) it follows that the possibility of U given the datum ‘‘The urn contains several large
balls’” is

T = UspveraL(Z7= 1 BLarce(D).

On the other hand, if a ball is chosen at random, the probability of the fuzzy event “The
chosen ball is large™ is given by (see [23])

. 1
g = Prob{ball is large} = — X7 rarce(®) (1.19)

Consequently, the possibility that Prob{ball is large} may take a value, say, v, is

Poss{g = v} = pgeverar(mv) (1.20)

or equivalently,

o= SEVERAL’

¢

— (1.21)

where T1, denotes the possibility distribution of ¢ [25] and SEVERAL is interpreted as a
fuzzy number. For example, if m = 10 and

SEVERAL =0.4/3+0.8/4+1/5+ 1/6 +0.6/7 +0.3/8 (1.22)
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then

M, = 0.4/0.3 +0.8/0.4+ 1/0.5 + 1/0.6 + 0.6/0.7 + 0.3/0.8 (1.23)

is the possibility distribution of the fuzzy number which represents the fuzzy probability
that a ball drawn at random is large.

As was pointed out earlier, the fuzziness in the probability of drawing a large ball is
induced by the fuzziness in our knowledge of the number of large balls in the urn. In this
connection, it should be noted that, if instead of being given the ZCount of large balls we
were given the FG Count of large balls, the expression for fuzzy probability would become

FG Count(LARGE)

FProb{ball is large} = "

(1.24)

where FProb identifies the probability in question as a fuzzy probability which is the ratio
of the fuzzy number FG Count (LARGE) and the nonfuzzy number m. Stated in this form.
the fuzzy probability FProb{ball is large! becomes closely related to the probability
distribution function of the random variable which is associated with the membership
function of LARGE.

Remark. There is a significant difference between the results expressed by (1.21) and (1.24)
that is in need of clarification.

In the case of (1.21), it is tacitly assumed that the probability of drawing a large ball
is a real number whose possibility distribution is expressed by (1.21). In the case of {1.24),
on the other hand, the probability is assumed to be a fuzzy rather than a real number.
To differentiate between these interpretations, the probabilities expressed by (1.21) and
(1.24) will be referred to as disjunctive fuzzy probability and conjunctive fuzzy probabiliry,
respectively. We shall rely on the context to indicate whether a fuzzy probability should
be interpreted in a disjunctive or conjuctive sense.

To view the computation of fuzzy probability from a broader perspective. let
U=du..... u,} be a finite universe of discourse and let X be a variable which takes the
values uy, . . ., i, with a uniform probability (1/m). Now if A is a nonfuzzy subset of U,
the probability of the proposition or, equivalently. of the event

p«i XeA {1.25)

is given by
Count (4
Prob{Xed! = L:zu' (1.26)

More generally, if 4 is a fuzzy subset of U then the probability of the fuzzy proposition
or. equivalently, of the fuzzy event

pPEXisA (1.27)

may be expressed in two distinct ways: (a) as a4 nonfuzzy probability

A X A)
Prob (X is A} = ZCount (4) (1.28)
#
and (h) as a fuzzy probability
1+ FGCount(4)

FProb{X is 4} = (1.29)
m
with the understanding that (1.29) is implied by
Count (4
Prob {Xed,} = —ount(4) (1.30)

Hif)

where As is the a-level-set of A.
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F urthermorg, if 4 and B areAfuzzy subsets of U, then the joint fuzzy probability of the
fuzzy events p = X is A and ¢ = X is B is given by

FGCount (4N B)
- .

FProb{X is A, X is B} = (1.31)

Correspondingly, the conditional fuzzy probability of p given ¢ may be defined as the fuzzy
number

. . Count (4,NB,)
X Bl—x Dateteanhl St S 24 32
FProb{X is A|X is B} f‘“/ Count (B,) (-

where T stands for the union rather than the arithmetic sum and Count (B,) # 0.
From (1.31) and (1.32), we can deduce the basic identity for fuzzy probabilities:

FProb {X is A, X is B} = FProb {X is A} ® FProb {X is B} (1.33)

where %) is the product of fuzzy numbers[4, 14]. This identity may be viewed as a natural
generalization of the familiar relation:

Prob {XeA, XeB} =Prob {XeB} Prob {XeA|XeB} (1.34)

which holds when A and B are nonfuzzy probabilities of fuzzy events defined via the
ZCount as in (1.28).

In the foregoing discussion, we haR/e assumed that the probability distribution on U
is uniform. More generally, if Prob(u) = p,,i=1,...,m,andp, + ...+ p, =1, then (1.29)
becomes

FProb{X is A} =X, a/Prob(4,), (1.35)
where

Prob (4,) = Prob {Xed,). (1.36)
Similarly, if X and Y take values in U ={u,,...,u,} and V = {v,,...,v,}, respectively,

and

Prob(ui,r,)ép,;,-, i=1,....m j=1,....n

then
FProb{X is 4, Y is B} =%, a/Prob{XeA4,, YeB,} (1.37)
FProb{X is A|Y is B} = Z,a/Prob{Xe€A,|YeB,} (1.38)

and

FProb{X is A4, Y is B} = FProb{Y is B} ® FProb{X is A|Y is B}, (1.39)

which reduces to (1.33) when X = Y. By analogy with numerical probabilities, the fuzzy
events X is 4 and Y is B will be said to independent if

FProb {X is A|Y is B} =FProb{X is 4}, (1.40)

which implies that

FProb {X is A, Y is B} = FProb {X is A} ® FProb {Y is B}. (1.41)
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In addition to the cases discussed above, there is another important way in which fuzzy
information induces fuzzy probabilities. More specifically, consider the case where an
individual, I, is faced with the decision of whether or not to insure his or her car. To find
that choice which maximizes the expected utility, it is necessary to know, among other
parameters, the probability that I’s car may be stolen. How could this probability be
determined?

Just a little reflection makes it clear that the desired probability cannot be deduced from
the statistics of car thefts, since I's car—and the way in which it is driven, parked and
garaged—is unique. Furthermore, there is no way in which 1 can obtain the desired
probability by experimentation. What we see in this case is a paradigm of a well known
paradox in probability theory which raises serious questions with regard to the meaning-
fulness of the concept of probability in application to unique events.

One way of getting around the difficulty with uniqueness is to relate probability to
similarity, with similarity viewed as a fuzzy relation[24]. Thus, suppose that we wish to
estimate the probability that an object, a, which is an element of a finite universe of
discourse U, belongs to A4, a subset of U. To this end, let S be a fuzzy similarity relation
which associates with each element ueU its degree of similarity to a, ug(u, ). Then, pg(u,
a) may be regarded as the membership function of a fuzzy set, S(«). of objects which are
similar to a.

In terms of the similarity relation S, the probability Prob {aeA4 | may be defined via
the XCount or the FGCount of the intersection of S(«) and 4. Thus

XCount (S(a)NA)
Prob {aed ! = 1.42
robaedy Count (U) (142

or, alternatively,

a FGCount (S(a)NA)
Prob {aed} = Count ()

where S(a)N A denotes the intersection of the fuzzy set S(a) with 4 [23].

If the similarity relation were known preciscly. (1.42) would yield a numerical value for
the probability of « belonging to A. But. in general. this would not be the case. with the
result that the expression for Prob {¢€A} would be a fuzzy number. In this sense. then.
estimates of probability based on similarity will, in general, be fuzzy rather than real
numbers.

To make the point more concretely, assume that the imprecision in S is modeled by
treating .S as a fuzzy relation of type 2[26], which implies that the degree of similarity of
a and u, uga, u), 1s taken to be a fuzzy number. More specifically, assume that py(a. u)
is a fuzzy number ¢ whose membership function g, is a n-function [25], that is,

(1.43)

gwd y)=oforu=y—34

=0 for u>y +0 (1.44)

where 7 is the peak of ¢ and 4 is its bandwidth. Then, as shown in [4], the sum of fuzzy
numbers of this form is a number of the same form whose peak and bandwidth are.
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respectively, the arithmetic sums of the peaks and bandwidths of their summands. In this
way, the numerator of (1.42) evaluates to a fuzzy number which upon division by the count
of U yields the fuzzy probability of a belonging to A.

Since the principle of maximization of expected utility plays a central role in decision
analysis, it is important to be able to evaluate fuzzy expectations of the general form

E=(®r)DEXP)D .. DE.Op.), (1.45)

where ) and @ represent fuzzy multiplication and addition, respectively; p,, ..., p, are
fuzzy probabilities; and g, . .., g, are fuzzy gains (or utilities). Expressions of the form
(1.45) can readily be computed by the use of fuzzy arithmetic. This and related issues are
discussed in greater detail in[1, 2,4, 5,7, 8, 11, 14, 15, 18, 19, 20, 22] and other papers in the
literature.

3. CONCLUDING REMARK

The main point which we have attempted to convey in this paper is that in most realistic
applications of decision analysis the underlying probabilities are fuzzy rather than real
numbers. In general, fuzzy probabilities are induced by fuzzy data and may be determined
by (a) employing the concept of cardinality of fuzzy sets, and (b) using fuzzy arithmetic to
compute the ratios, products and sums of counts of elements in such sets.
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