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1. Introduction

Much of the universality, elegance and power of classical mathematics derives
from the assumption that veal numbers can be characterized and manipulated with
infinite precision. Indeed, without this assumption, it would be much less simple
to define what iz meant by the zero of a function, the rank of a matrix, the
linearity of a transformation or the stationarity of a stochastic process.

It is well-understood, of course, that in most real-world applicationz the
effectiveness of mathematical concepts rests on their robustness, which in turn is
dependent on the underlying continuity of functional dependencies [1]. Thus,
although no physical system is Tinear in the idealized sense of the term, it may
be regarded as such as an approximation. Similarly, the concept of a normal dis-
tribution has an operational meaning only in an approximate and, for that matter,
not very well-defined sense.

There are many situations, however, in which the finiteness of the resolving
power of measuring or information gathering devices cannot be dealt with through
an appeal to continuity. In such cases, the information may be said to be
granular in the sense that the data points within a granule have to be dealt with
a% a whole rather than individually,

Taken in its broad sense, the concept of information granularity cccurs under
varicus guises in & wide variety of fields. Im particular, it bears a close rela-
tion to the concept of aggregation in economics: to decomposition and partition--
in the theory of automata and system theory; to bounded uncertainties--in optimal
control [2], [3]; to locking granularity--in the analysis of concurrencies in data
base management systems [4]; and to the manipulation of numbers as intervals--as
in interval analvsis [5]. In the present paper, however, the concept of informa-
tion granularity is employed in a stricter and somewhat narrower sense which is
defined in greater detail in Sec. 2. In effect, the main motivation for our
approach is to define the concept of information granularity in a way that relates
it to the theories of evidence of Shafer [6], Dempster [7], Smets [B], Cohen [9],
Shackle [10] and others, and provides a basis for the construction of more general
theories in which the evidence is allowed to be fuzzy in nature.

More specifically, we shall concern ourselves with a type of information
granularity in which the data granules are characterized by propositions of the

general form
g®XisGis A (1.1}
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in which ¥ is a variable taking values in a universe of discourse U, & is a fuzzy
subset of U which is characterized by its membership function ug, and the quali-
fier » denotes a fuzzy probability (or likelihood). Typically, but not univer-
sally, we shall assume that U is the real Tine (or RM), G is a conves fuzzy subset
of Uand & is a fuzzy subset of the unit interval. For example:

g %X is small is 1ikely
q = % is not very large i35 very unlikely
g & % 95 much larger than ¥ is unlikely

We shall not consider data granules which are characterized by propositions in
which the qualifier i is a fuzzy possibility or fuzzy truth-value.

In a general sense, a body of evidence or, simply, evidence, may be regarded
as a collection of propositions. In particular, the eyidence 75 granular if it
consists of a collection of propositions,

s {911--”9”} ) (1.2}

gach of which is of the form ({1.1). Viewed in this perspective, Shafer's theory
relates to the case where the constituent granules in [1.2) are erisp (nonfuzzy)
in the sense that, in each g4, G4 is a nonfuzzy set and 3; 1s a numerical proba-
bility, implying that g may be expressed as

%.é'TruHKEEi}=p{' (1.3)

where py, i=1,...,H, is the probability that the value of X is contained in G.

In the theories of Cohen and Shackle, a further restriction 1s introduced through
the assumption that the G are nested, i.e., Gy CGpC.--CGy. As was demons trated
by Suppes and Zanotti [117] and Wguyen [12], 1n the analysis of evidence of the
form {1.3) it is advantageous to treat E 85 2 random relation.

Given a collection of granular bodies of evidence E = {Ey,...,Egl. one may
ask a variety of questions the answers to which depend on the }ata resident in E.
The most basic of these questions--which will be the main focus af our attention
in the sequel-=is the following:

Given a body of evidence E = {gy,...,0y} and an arbitrary fuzzy subset 0 of
U, what is the probability--which may be fuzzy or nonfuzzy--that ¥ is Q¢ In other
words, from the propositions

9, 2K 56y is 3y

-------- (1.4}
Iy =X s EH is iy

we wish to deduce the value of ?3 in the guesticn
q2¥isnic (1.5}

A5 a concrete illustration, suppose that we have the following granular
information concerning the age of Judy [X = Age{dudy))

a0y & Judy is very young is unlikely
95 = Judy iz young is 1ikely (1.6)
B £ Judy i3 old is very unlikely

The question 15: What is the probability that Judy is not very young; or, equiva-
Tently: What is the value of ¥4 dn
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q % Judy is not very young is %X

In cases where E consists of two or more distinct bodies of evidence, am
important issue relates to the manner in which the answer to (1.5)--based on the
information resident in £ --may be composed from the answers based on the infor-
mation resident in each of the constituent bodies of evidence El""‘EK‘ We shall
consider this issue very briefly in 3ec. 3.

In the theories of Dempster and Shafer, both the evidence and the set Q in
(1.5) are assumed to be crisp, and the question that is asked is: MWhat are the
bounds on the probability * that X € §? The lower bound, 3., is referred to as
the lower probability and is defined by Shafer to be the degree of belief that
X € 0, while the upper bound, A*, is equated to the degree of plausibility of the

proposition X € 0. An extension of the concepts of Tower and upper probabilities
to the more general case of fuzzy granules will be described in Sec. 3.

bs will be seen in the sequel, the theory of fuzzy sets and, in particular,
the theory of possibility, provides a convenient conceptual framewark for dealing
with information granularity in a general setting. VYiewsd in such a setting, the
concept of information granularity assumes an important role in the amalysis of
imprecise evidence and thus may aid in contributing to a better understanding of
the complex issues arising in credibility analysis, model validation and, more
generally, those problem areas in which the information needed for a decision or
system performance evaluation is incomplete or unreliable.

2. Information Granularity and Possibility Distributions

Since the concept of information granularity bears a close relation to that
of a possibility distribution, we shall begin our exposition with a brief review
of those properties of possibility distributions which are of direct relevance to
the concepts introduced in the following sections.

Let ¥ be a variable taking values in U, with a generic value of X denoted by
u. Informally, a possibility distribution, Ty, is a fuzzy relation in U which
acts as an elastic constraint on the values that may be assumed by X. Thus, if my
1s the membership function of Ny, we have

Poss{X=u} = nK{u] PRI = (2.1}
where the left-hand member denotes the possibility that X may take the value u and

mylu) is the grade of membership of u in My. When used to characterize Ty, the
function Tyt I + [0,1] is referred to as a possibility distribution function.

A possibility distribution, Wy, may be induced by physical constraints or,
alternatively, it may be epistemic in nature, in which case Ty 1s induced by a
collection of propositions—-as deseribed at a later point in this section.

A simple example of a possibility distribution which 15 induced by a physical
constraint is the number of temnis balls that can be placed in a metal box. In
this case, ¥ is the number in question and wy(u) is a measure of the degree of
ease [(by some specified mechanical criteriun§ with which u balls can be squeezed
into the box.

As a simple illustration of an epistemic possibility distribution, let X be
a real-valued variable and let p be the proposition

&

peazk=zh

where [a,b] is am interval in R], In this case, the possibility distribution

s more detailed discussion of possibility theory may be found in [13]-[15].
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induced by p 15 the uniform distribution defined by
mylul

1 for s < <h
= 0 elsewhere.

Thus, given p we can assert that

Poss{X=u} = 1 for u in [a.b]

= [ elsawhere.
More gemerally, as shown in [16], a proposition of the form
pe&NisF (2.2)
where F iz a fuzzy subset of the cartesian product U = Upx--- qiand N is5 the

name of a variable, a proposition or an object, induces a pnssibf ty distribution
defined by the possibility assignment eguation

N s F =F 2.3
5 _’"{x],...,xnj (2.3)

where the symbol — stands for "translates into,” and ¥ = {I], ,In} 1% an n-ary
variable which is implicit or explicit in p. For example,

(a) X is small — T, = SMALL (2.4}
where SMALL, the denotation of small, is a specified fuzzy subset of [0,=). Thus,

if the membership function of SMBLL s expressed as MemaLL * then (2.4} implies
that

Poss{X=ul} = USHALLIUJ . uE[l=) . (2.5]
More particularly, if--in the wsual notation--
SMALL = 1/0 + 1/1 + D.B/2 + 0.6/3 + 0.5/4 + 0.3/5 + 0.1/6 {2.6]

then
Poss{X= 3] = 0.6

and Tikewise for other values of u.
Similarly,

(b) Dan is tall — 10 {2.7)

Heiaht (Dan) ~ 1 PLL
where the variable Height({Dan) is implicit in the proposition “Dan is tall" and
TALL is a fuzzy subset of the fnterval [0,220] (with the height assumed to be
expressed in centimeters).

(e} John 1s big TiHetqht (John) Weight{John)) ™ BlE {2el)

where BIG i5 a fuzzy bimary relation in the product space [0,220] = [0,150] (with
height and weight expressed in cgnt1meters and kilograms, respect1vely} and the
variables X # Height{John), X, ® Weight{John) are implicit in the proposition
"John is big."

In 2 more general way, the translation rules associated with the meaning
representation language FRUF [16] provide a system for computing the possibility
distributions induced by various types of propositions. For example

X is not very small — T, = tSHALLE]' [z.9)
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where SMALLZ is defined by

= 2
Momarr2 = (uswary) (2.10)
and ' denotes the complement. Thus, (2.10) implies that the possibility distri-
bution function of X is given by
2
n}{(u] = -I-USH"'.LL[H} ; (2.7}

In the case of conditional propositions of the form p & If X is F thenY is G,
the possibility distribution that is induced by p is a conditional possibility
distribution which is defined byz

If % is F then ¥ is B—~n”|j{}=F'uE (2.12)
where T ) denotes the conditional possibility distribution of ¥ given X, F and
G are f£;L§ subsets of U and ¥, respectively, F and G are the cylindrical exten-

sions of F and 6 in U=V, W is the union, and the conditional possibility distri-
bution function of ¥ given X is expressed by

nmm{vlu] = [1-plu))vuglv) . uel, veEV (2.13)

where pp and are the membership functions of F and G, and v = max. In connec-
tion w1th (2. #ﬁ], it should be noted that

w[le][v|u} = Poss{Y=v|¥=ul {(2.14)

whereas
ﬂIK.?][u’”} = Poss{f=u, Y=v} . {2.15}
A concept which iz related to that of a conditional possibility distribution

is the concept of a conditional possibility measure [13]. Specifically, let Ty be
the possibility distribution induced by the proposition

petisG,

and let F be a fuzzy subset of U. Then, the conditional possibility measure of F
with respect to the possibility distribution M, is defined by

Poss{X 1s F|X is 61 = sup (uelu) Auelu)] . [2.16)

It should be noted that the left-hand member of (Z2.16) is a set function whereas
n{le] is a fuzzy relation defined by (2.12).

The foregoing discussion provides us with the necessary backaround for defin-
ing some of the basic concepts relating to information granularity. We begin with
the concept of a fuzzy granule,

Definition. Let X be a variable taking values in U and Tet G be a fuzzy
subset of U. (Uswally, but not universally, U = R" and G i3 a convex fuzzy sub-
set of U.) A fuzzy granule, 19, in U is induced (or characterized) by a proposi-
tion of the farm =

g=Xis 6 is A (2.17)

rhere area number of alternative ways in which I may be defined in terms of
Fand G [17], [18], [19]. Here we use a def1n1t$5n ¢h1ch iz consistent with the
relation between the extended concepts of upper and Tower probabilities as
described in Sec. 3.
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whare a4 is a fuzzy probability which is characteriz?d by a possibility distribu-
tion over the unit interval. For example, if U= R', we may have

g = ¥ is small 15 not very likely [2.18)
where the denotation of small is a fuzzy subset SMALL of R' which is characterized

by its membership function wgwa;p. and the fuzzy probability not very likely s
characterized by the pnssihi?ity distribution function 5

n(v) = T uf ey (0) 4 v e [0,1] (2.19)

in which p pgpry 15 the membership function of the denotation of likely and v 95 a
numerical probability in the interval [0,1].

If the proposition p = X is G is interpreted as a fuzzy event [20], then
{2.17) may be interpreted as the proposition

Prob{X is G} is X

which by (2.3) translates into

TopobiX s 6} = * - {2.20)
Mow, the probability of the fuzzy event p = X ig & iz given by [20]
Prob{X is G} = J Py ()i (w)du {2.21)
U

where pylu) is the probability density associated with X. Thus, the translation
of (2.17) may be expressed as

gt X is G ish— nipx}- “h{JupI{u}”Et“}d”} {2.22)

which signifies that g induces a possibility distribution of the probability dis-
tributicn of X, with the possibility of the probability density py given by the
right-hand member of (2.22). For example, in the case of (2.18), we have

X is small is not very likely — wfp,)=1- ”EIKELY[J px{u]pSHALL{u}du}. (2.23)
I

As & special case of (2.17), a fuzzy granule may be characterized by a propo-
sition of the form g
g=X{is G (2.24)

which 15 not probability-qualified. To differentiate between the general case
(2.17) and the special case (2.24), fuzzy granules which are characterized by
propositions of the form (2.17) will be referred to as ﬂE—Eranu1es {signifying
that they correspond to possibility disteibutions of proba ty distributions),
while those corresponding to :2.a4¥ will be described more simply as n-granules.

A concept which we shall need in our analysis of bodies of evidence is that
of a conditioped w-granule. More specifically, if X and ¥ are variables taking
@&lues in U and ¥, raspectively, then a conditioned n-granule in V 1s character=-
ized by a conditional proposition of the form

g=If ¥=uthen ¥ is G (2.25)

where G is a fuzzy subset of V which is dependent on u. From this definition it
follows at once that the possibility distribution induced by g is defined by the
possibility distribution function
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n[?lx}[vlu} & Poss{Y=v|X=u} = p.(v) . (2.26)

An important point which arises in the characterization of fuzzy granules is
that the same fuzzy granule may be induced by distinct propositions, in which case
the propositions in question are said to be semantically equivalent [16]. A par-
ticular and yet useful case of semantic equivalence refates to the effect of nega-
tion in {£.17) and may be expressed as (+ denotes semantic equivalence)

¥ is G it A+~ X is not G i5 ant X (2.27)
where ant A denotes the antonym of A which is defined by
Vont b= ulil—v} = s (2.28)

Thus, the membership function of ant 2 is the mirror image of that of A with
respect to the midpoint of the interval [0,1].

To verify (2.27) it is sufficient to demonstrate that the propositieons in
question induce the same fuzzy granule. To this end, we note that

% {5 not G is ant A — ﬂ[pI) =y JL“pr[u}[i- uEfu]]du] (2.29)

= Hant 1[1‘ Jupx{u]uﬂ{u}du]

UR[JUDI{U}UE[U}HU)

which up?n comparison with {2.22) establishes the semantic equivalence expressed
by (2.27).

In effect, (2.27) indicates that replacing G with its negation may be compen-
sated by replacing X with its antonym. A simple example of an application of this
rule is provided by the semantic equivalence

X is small is 1ikely + X is not small is unlikely {2.30)
in which unlikely is interpreted as the antonym of likely.

& concept that is related to and s somewhat weaker than that of semantic
equivalence 15 the concept of semantic entailment [16]. More specifically, if gy
and g, are two propositions such that the fuzzy granule induced by g is contained
in the fuzzy granule induced by go , then gz is semanticall entaiTeA by g, ar,
equivalently, g7 semantically entails 9. To estabTish the relation of antain—
ment it is sufficient to show that

w]{pxj < vzfpx} , for all p, (2.31)
where m, and m, are the possibilities corresponding to g and g,. respectively.
As an illustration, it can readily be established that {— denotes semantic
entailment) 2
X is Gis Al X 15 very 6 1s "X (2.32)
or, more concretely,

¥ is small fs Tikely — X is wery small is 2]ike1y (2.33)

where the left-square of A is defined by
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pzh{v} = ulffﬁj o v E[0.1]

and ypy is assumed to be monotome nondecreasing. Intuitively, (2.32) signifies
that an intensification of G through the use of the modifier very may be compen-
sated by a dilation (broadening) of the fuzzy probability A,

To establish {2.32), we note that

d 2.34
Prwigl) i) (2.34)

¥is G iz A — n1fpxj = UR[J
¥ is very G 9s ?l - T lpy)
2K

vy, [[ Pl (2.35)

]
2
”h[ﬁ upx{”}”ﬁ[“}d“ :
Now, by Schwarz's inequality
2
{] gt = | pytamga (2.36)

and since My is monotone nondecreasing, we have

which is what we wanted to demonstrate.

3. MAnalysis of Granular Evidence

As was stated in the introduction, a body of evidence or, simply, evidence,
E, may be regarded as a collection of propositions

B {'EI]:---:EIN'J L {3.1]

In particular, evidence is granular if its constituent propositions are charac-
terizations of fuzzy granules,

For the purpose of our analysis it is necessary to differentiate between two
types of evidence which will be referred to as evidence of the first kind and
evidence of the second kind.

Evidence of the first kind is a collection of fuzzy wp-granules of the form
gi":Hs G, Ts a7 5 T 1, LN {3.2)

where ¥ is a variable taking values in V, Gys-.-sGy are fuzzy subsets of ¥ and
11""‘3H are furzy probabilities.

Evidence of the second kind is a probability distribution of conditioned
r=granules of the form

P =Y s @ {3.3)

§ -
Thus, if X is taken to be a variable which ranges over the index set {1,....M},
then we assume to know (a) the probability disteibution PI = {pl,...,pm}, where

i 2 Prob{X=4)} , di=1,...,N {3.4)
and {b) the conditional possibility distribution ”t¥lx}‘ where

If‘l"l.’!=i‘,| e Gi ® (e F R, EE {3_5]
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In short, we may express evidence of the second kKind in a symbolic form as
E= {F‘x,]T.“. H']]

which signifies that the evidence consists of Py and Miy]gy. rather than Py and
P£f1 ? {conditional probability distribution of ¥ given I%, which is what is

ud¥ y assumed to be known in the traditional probabilistic approaches to the
analysis of evidence. Viewed in this perspective, the type of evidence considered
in the theories of Dempster and Shafer is evidence of the second kind in which the
Gy are crisp sets and the probabilities pq,....pp are known numerically.

In the case of evidence of the first kind, our main concern is with obtain-
ing an answer to the following question. Given £, find the probability, &, or,
more specifically, the possibility distribution of the probability A, that ¥ 1= (),
where { is an arbitrary fuzzy subset of V.

In principle, the answer to this question may be obtained as follows.

First, in conformity with (Z.20), we interpret each of the constituent pro-
positions in E,
L dame Tha e {3.8)

i ¥ is I."-_.I is A,

as the assignment of the fuzzy probability Ay to the fuzzy event g L9 48 g
Thus, if p(+) is the probability density associated with ¥, then in virtue n}

{2.22) we have [ ;
7y(0) =y {[ g (1] (3.7)

where ni(p] is the possibility of p given 9. and Wi and ug; are the membership

functions of Li and Ei' respectively.

Since the evidence £ = {g9y,....9y} may be regarded az the conjunction of the
propositions Gy llye the pnlsihi1i¥y of pl+) given E may be expressed as

T{p) = (p) & == Amy(p) (3.8)

where A = min. Mow, for a p whose possibility 1s expressed by (31.8), the proba-
bility of the fuzzy event g £ X is 1) is given by

plp) = { pif]uql{v}dv ¢ (3.9}
i

Consequently, the desired possibility distribution of p{p) may be expressed in a

symbolic form as the fuzzy set [21]

A= J[U /o) (3.10)

¥

in which the integral sign denotes the union of singletens w(p)/p{p).
In more explicit terms, {3.710) implies that if p is a point in the interval

[0,1], then wy(p), the grade of membership of p in & or, equivalently, the possi-
bility of p given X, is the solution of the variational problem

”},l:u} . Ha-xp["'r{p}'ﬂ' "‘A“N{p}} {3.11}
subject to the constraint

p = Jvn[v}uu[vﬁdv J £3:12)
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In practice, the solution of problems of this type would, in general, require
both discretization and approximation, with the aim of reducing {(3.11) to a com-
putationally feasible problem in nonlinear programming. Im the longer run, how-
gver, a more effective solution would be a "fuzzy hardware" dmplementation which
would vield directly a linguistic approximation to A from the specification of g
and E.

It should be noted that if we were concerned with a special case of evidence
of the first kind in which the probabilities %; are numerical rather than fuzzy,
then we could use as an alternative to the technique described above the maximum
entropy principle of Jaynes [22] or its more recent extensions [23]-[28]. In
application to the problem in question, this method would first yield a proba-
bility density p(«) which is a maximum entropy fit to the evidence E, and then,
through the use of (3.12), would produce a numerical value for A.

A serious objection that cam be raised against the use of the maximum entropy
principle is that, by constructing a unigue pl+) from the incomplete information
in E, it leads to artificially precise results which do not reflect the intrinsic
fmprecision of the evidence and hence cannot be treated with the same degree of
confidence as the factual data which form a part of the database. By contrast,
the method bazed on the uwse of possibility distributions leads to comclusions
whose imprecision reflects the imprecision of the evidence from which they are
derived and hence are just as credible as the evidence itself.

Turning to the analysis of evidence of the second kind, it should be noted
that, although there is & superficial resemblance between the first and second
kinds of evidence, there is also a basic difference which stems from the fact that
the fuzzy granules in the latter are n—granu!es which are conditioned on a random
variable. In effect, what this implies is that evidence of the first kind is

conjunctive in nature, as is manifested by (3.8). By contrast, evidence of the
second kind is disjunctive, in the sense that the collection of propositions in €
should be interpreted as the disjunctive statement: gq with probability Ay or g2
with probability Az or ... or gy with probability Ay.

As was stated earlier, evidence of the second kind may be expressed in the
equivalent form

E= {pI’E{?|I)}

where ¥ is a vrandom variable which ranges over the index set U = {1,...,N} and s
associated with a probability distribution Py = {py.....py}; and Ty l 15 the
conditional possibility distribution of ¥ given X, where v is a variable ranging
over ¥V and the distribution function of H{Y|R] is defined by

"{Y|I][”|ij t poss{Y=yw[X=1} . i€U,vEV. (3.1%)

For @ given value of ¥, X=1, the conditional possibility distribution n{le]
defines a fuzzy subset of ¥V which for consistency with (3.2) is denoted
by Ei' Thus,

Ty ped) = & T {3.14)

and more generally
T[[le} - EK = f3.]5}

As was pointed out earlier, the theories of Dempster and Shafer deal with a
special case of evidence of the second kind in which the Gi and { are crisp sets
and the probabilities py,...,py are numerical. In this special case, the event
qg&YEQmay be associated with two probabilities: the lower probability 2,
which is defined--in our notation--as

e Pmb{nm”cm {3.16)



