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In PRUF, the translation of g is expressed as the trans-
lation of the answer to q, with a symbol of the form ?a iden-
tifying the wvariable whose value is to be determined. As an
illustration, for the example under discussion the proposi-

tion to be inferred from D may be expressed as

p = The average age of individuals in

POPULATION is ?f

where f is a function of the entries in D, say Xl,...,xm.
Thus, to answer g we must compute the value of f(Xl,...,Xm}
from whatever information is available about D.

To link the method under discussion to our earlier
formulation of the problem of inference, we shall assume that
the available information about D consists of the evidence
E = {pl,...,pn}, in which the p; are fuzzy propesitions.

Our definition of translation in Section 3 implies that
each of the P, in E induces a possibility distribution over
0. Thus, letting Wi{Kl,...,Rm} denote the possibility of D
given p,, we can assert that the possibility of D given

Pl""'Pn is given by the conjunction
L Ao oEow A
w{D) = ﬂl{xl,...,xm} Wnixl....,xm} (4.18)

Thus, w(D), as expressed by (4.18), may be wviewed as an
elastic constraint on D which is induced by the evidence
E 2 {pl,...,pn}.

From the knowledge of w(D) we can infer the possibility

distribution of the function

= F* & @& 41
z ftxl ,xm} (4.19)

by invoking the extension principle, as shown in Section 3.
In this way, the determination of the possibility distribu-
tion of f reduces, in principle, to the solution of the follow-

ing variational problem in mathematical programming.

u(z) = Max T (X

P & 1 1;-.-.Km] s A“ﬁ[xl""’xm]

(4.20)
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subject to

2z = E(XyreahX ) -

In terms of u(z), the possibility distribution of f may
be expressed in the form

I, = J piz) /= (4.21)
k v

where V is the range of z. An example illustrating the
application of this technique will be discussed in Section 5.
As a further example, consider the proposition which

occurs in Example (e), Section 1, namely:
p = Brian is much taller than most of his close friends

For the purpose of representing the meaning of p, it is

expedient to assume that D is comprised of the relations

POPULATION| Name |Height |

FRIENDS | Namel | Name2 | p |

MUCH TALLER|Heightl|Height2|u|

MOST|p|u]

In the relation FRIENDS, U represents the degree to which an

individual whose name is Name2 is a friend of Namel. Simi-
larly, in the relation MUCH TALLER, U represents the degree
to which an individual whose height is HEIGHTL is much taller
than one whose height is HEIGHT2. 1In MOST, U represents the
degree to which a proportion, p, fits the definition of MOST
as i fuzzy subset of the unit interval.

To represent the meaning of p we shall translate p--in
the spirit of (c) (Section 3)--intoc a procedure which computes
the truth-value of p relative to a given D. The procedure--
as described below--may be viewed as a sequence of computa-

tions which, in combination, yield the truth-value of p.
abh Obtain Brian's height from POPULATION. Thus,

Height (Brian) = 2 POPULATION[Name = Brian]

Heigh

SRR e e R
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A Determine the fuzzy set, MT, of individuals in

POPULATION in relation to whom Brian is much taller.

S )
Let Namei be the name of the 1 individual in

POPULATION. The height of Namei is given by

He1ght{Namei} “Height PGPULATION[Name==NamEi]

lWow the degree to which Brian is much taller than Namei is

given by
8, =, MUCH TALLER[Height (Brian) ,Height (Name ) ]
and hence MT may be expressed as

MT = }. §./Name Name, € POPULATION
i1 1 1 Name

i L
where NamePﬂPULﬁTIDN is the list of names of individuals in
POPULATION, Gi is the grade of membership of Namei in MT, and

Ei is the union of singletons 6ifﬂame_ (see footnote 3).
i

3. Determine the fuzzy set, CF, of individuals in POPULATION
who are close friends of Brian.

To form the relation CLOSE FRIENDS from FRIENDS we inten-
sify FRIENDS by squaring it (i.e., by replacing u with U2}+
Then, the fuzzy set of close friends of Brian is giwven by

2 z
CF = |IXName2 FRIENDS [Mamel =Brian]

4, Form the count of elements of CF:
Count (CF) = Ei UCF{NamEi}

where UCF{Namei} is the grade of membership of Hamei in CF

and Ei is the arithmetic sum. More explicitly

2

Count(F) = J; Meprenps

(Brian, Namei]

5. Form the intersection of CF and MT, that is, the fuzzy

set of those close friends of Brian in relation to whom he is

much taller.
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H £ CF NMT
i Form the count of elements of H.
Count (H) = Ei UH(Namei}

where UH{Nameil is the grade of membership of Namei in H and

Ei is the arithmetic sum.

T2 Form the ratio

_ Count (MT NcF)
Count (CF)

which represents the proportion of close friends of Brian in

relation to whom he is much taller,
8. Compute the grade of membership of r in MOST
T = i MOST[p=r]

The value of T is the desired truth-value of p with
respect to D and, equivalently, the possibility of D given p.
In terms of the membership functions of FRIENDS, MUCH TALLER
and MOST, the walue of T is given explicitly by the
expression

EiuMTiHeightEBrlan},HelqhtENaMEij}AUCF{Erlan,Name131

= uMGST{

i HCF{Brian,NamEi} {4‘22]J
In summary, the procedure in question serves to repre-
sent the meaning of p by describing the operations that must
be performed on D in order to compute the truth-value of p
with respect to D. Thus, viewed as an expression in PRUF,
{4.22) is in effect a mathematical description of a procedure
which defines T as a function of D. However, as was stressed
in Section 3, the meaning of p is the procedure itself rather

than the value of T which it returns for a given D.

5. Examples of Inference from Scoft Data

To illustrate the application of some of the techniques
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described in the preceding sections, we shall consider
several simple examples, including Examples (a), (b), (c) and
(e} of Section 2, BAs is generally the case in inference from
soft data, the chains of inference in these examples are

short.
Example 1 (Example {a), Section 1).

X is a large number

Y is much larger than X

How large is ¥7?

Solution. On applying the compositional rule of infer-
ence (4.15), we obtain the following expression for the

possibility distribution of ¥
= LARGEoMUCH LARGER {5.1}
or, more explicitly,

My (¥) = sup, (U apce ™ “Hyyen rarcer‘YrY?) £3: ¢l

where LARGE and MUCH LARGER are the fuzzy denotations of

large and much larger, respectively.
Example 2.

¥ is small
Y is approximately equal to X

% is much larger than both X and ¥

How large is Z7?

Solution. Proceeding as in Example 1, we cbtain the

following expression for the possibility distribution of 2

IIz = (MUCH LARGER THAN ° APPROXIMATELY EQUAL o SMALL)

M MUCH LARGER THAN = SMALL {5.3)

in which the intersection implies that Z is much larger than
¥, and Z is much larger than Y.



520 Selected Papers by Lotfi A. Zadeh

108 Lotfi A. Zadeh
Example 3 (Example (b}, Section 1).

Most Frenchmen are not tall

Elie iz a Frenchman

How tall is Elie?
Solution. First, we interpret the gquestion as follows:

Most FPrenchmen are not tall

Elie is a Frenchman picked at random

What is the probability that Elie is tall?

Second, we assume that the database consists of a single

relation of the form

POPULATION| Name |1 |

in which My is the degree to which Hamei is tall, and i
ranges from 1 to N.

Now, the constraint on the database induced by the
proposition

&

o) Most Frenchmen are not tall

gives rise to the possibility distribution expressed by

§ o=, (5.4)

ik
WP[PDPULETIDN} = UMDST{H

in which the argument of U represents the proportion of

MOST
Frenchmen who are not tall.

Furthermore, if a Frenchman is chosen at random, then

the probability that he is tall is given by (see (3.40))
Prob{Frenchman is tall} = ;;E.u. z (5.5}
| M I
Thus, the proposition (in which A is a linguistic probability)
q £ The probability that a Frenchman is tall is A

induces the possibility distribution

1
nq{popum-rmm = ul{ﬁziui] 5 (5.6)
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To apply the entailment principle to the problem in hand,
we have to find a A such that

1 1
ML) 2 MyosnF i ¥y - i5-0)

Furthermore, to be as informative as possible, the A in g
should be as small as possible in the sense that there should
be no A' such that

Ativ) < A(w) {5.8)

for all v in [0,1] and A'(vw) < X(v) for at least some v in
fo. 11 -
With this as our objective, we first note that (5.4) may

be rewritten as

I

1
T (POPULATION) = uy o (1 -5 L 1) (5.9)

1
Manr most'® Ei M)

where ANT MOST stands for the denctation of the antonym of

most, i.e.,

Manr most'¥) = Ymosr™V) vV € [0,1] (5.10)

which signifies that the membership function of ANT MOST 1is
the mirror image of that of MOST.

At this juncture, then, we can assert that

P = Most Frenchmen are not tall (5.11)
1
— m_(POPULATION) = M. o' Zi .}
while
r = Prob{Frenchman is tall} is ¥y {5.12)

1
— _(POPULATION) = u (5 Liuy)

where ¥ is a linguistic probability.
On comparing (5.11) with (5.12), we note that if the
fuzzy set LIKELY is defined to be equal to MOST, i.e.,

u (w) {(v) , v€[0,1] (5.13)

LIKELY = HyosT

so that
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Monprkery ") = Mant nrxery‘"? Lzt

(v)

~ UaNT MOST
then we can infer from (5.11) and (5.12) the semantic equiva-

lence (3.48) ;

=

P Most Frenchmen are not very tall ++

e

Prob{Frenchman is tall} is unlikely

Consequently, as the answer to the posed question, we
have
Most Frenchmen are not tall

Elie is a Frenchman

It is unlikely that Elie is tall

In essence, then, what we have shown is that, under the
assumption that the fuzzy sets MOST and LIKELY are equal, we

can infer from the premise

D Most Frenchmen are not tall

the semantically equivalent proposition

Ile

r It is unlikely that a Frenchman

picked at random is tall
from which it follows that "It is unlikely that Elie is tall."”
Example 4.

Most Swedes are tall

How many Swedes are very tall?
Solution. Suppose that the answer is of the form
r = Q Swedes are very tall

where @ is a fuzzy gquantifier. Then, proceeding as in

Example 3, we hawve

1
MoST 'N Ej. U}

(5.15)

p = Most Swedes are tall — WP{PGPULATIGH}=11

and
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2
r = 0 Swedes are very tall — Wr{POPULATIDH]I =uQ{%Eiui}
(5.16)

Consequently, what we have to find is the "smallest" Q such
that

1o .2 1
Ho(§ LiHg) 2 Myosr§ Livy) s

It can easily be verified that such a Q is given by5
0 = “most (5.18)
where the "left-sguare" of MOST is defined by
(V) , we€[o,1] . (5.19)

w, (F) =u

MOST MOST

For, from the elementary ineguality

1
el -
/N, ul? ) T (5.20)
and the monotonicity of uHDST it follows that
e 1
2 Fra
Myog /N T HE) 2 Myaen(L; 1y) el

which, in view of (5.19), implies that
A 2 1
M (=X, 1) >n =), u) (5.22)
— " MO

EHOST it B ST H=1i"1
and hence that the proposition

P = Most Swedes are tall
entails

q = 2Mc:st Swedes are very tall
Example 5.

Naomi is not wvery tall is true

How true is it that Naomi is tall?

Solution. Suppose that the answer to the question is

expressed as a proposition q:

g = Naomi is tall is T

5If MOST is interpreted as a fuzzy number [90,18,20] then

MOST may be expressed as the product of MOST with itself.
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where 7 is a linguistic truth-value, e.g., very true, more or
less true, ete.

To determine T, we set g semantically equal to p (see
(3.49)), i.e., we assert that the possibility distributions
induced by p and g are equal. Now, by (3.8) and (3.36), we

have

Naomi i o tall i = Mt o
ac s not very tall is true Height (Nacmi)

&
e g [5=23
(w) = (-1 )] (5.24)
Hp ') = Hppug HrarL ?
and
Naomi is tall is T — uT[uTALL{u}} {5.25]
where HTHLL and LTRHE dre the membership functions of TALL

and TRUE, respectively. Consequently, for all u in the

domain of the variable Height(Naomi), we have

2 =
MTRUE{I —uTRLLEuJJ - uT{uTﬁLL{u}] [5.28)

from which it follows that the membership function of T is

given by
u_(v) = R (5.27)
Thus, if UTEUE is defined by
2
LTRUE{V} = v (5.28)
then
Ho k) =1 — MTRUE{V} (5.29)
and hence
T = not true . (5.30)

On the other hand, if

uTRUE{V} = v £5.3T)

then
2

true' V) (5.32)

uﬁv}= l-yu
and

T = not very true . (5.33)




