L.A. ZADEH*

PRECISIATION OF MEANING VIA TRANSLATION
INTO PRUF

ABSTRACT. It is suggested that communication between humans — as well as between
humans and machines — may be made more precise by the employment of a meaning
representation language PRUF which is based on the concept of a possibility distribu-
tion. A brief exposition of PRUF is presented and its application to precisiation of
meaning is fllustrated by a number of examples.

1. INTRODUCTION

Of the many ways in which natural languages differ from synthetic languages,
one of the most important relates to ambiguity. Thus, whereas synthetic lan-
guages are, for the most part, unambiguous, natural languages are maximally
ambiguous in the sense that the level of ambiguity in human communication
is usually near the limit of what is disambiguable through the use of an
external body of knowledge which is shared by the parties in discourse.

Although vagueness and ambiguity’ can and do serve a number of useful
purposes, there are many cases in which there is a need for a precisiation of
meaning not only in communication between humans but also between
humans and machines. In fact, the need is even greater in the latter case
because it is difficult, in general, to provide a machine with the extensive
contextual knowledge base which is needed for disambiguation on the
syntactic and semantic levels.

The traditional approach to the precisiation of meaning of utterances in a
natural language is to translate them into an vnambiguous synthetic language
— which is usually a programming language, a query language or a logical
language such as predicate calculus. The main limitation of this approach is
that the available synthetic lanpuages are nowhere neardy as expressive as
natural languages. Thus, if the target language is the first order predicate
calculus, for example, then only a small fragment of a natural language would
be amenable to translation, since the expressive power of first order predicate
calculus is extremely limited in relation to that of a natural language.

To overcome this limitation, what is needed is a synthetic language whose
expressive power is comparable to that of natural languages. A candidate for
such a language is PRUF [81] — which is a meaning representation language
for natural languages based on the concept of a possibility distribution [80].
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In essence, a basic assumption underlying PRUF is that the imprecision
which is intrinsic in natural languages is possibilistic rather than probabilistic
in nature. With this assumption as the point of departure, PRUF provides a
system for translating propositions or, more generally, utterances in a natural
language into expressions in PRUF, Such expressions may be viewed as
procedures which act on a collection of relations in a database — or, equiva-
lently, a possible world — and return possibility distributions which represent
the information conveyed by the original propositions.?

In what follows, we shall outline some of the main features of PRUF and
exemplify its application to precisiaion of meaning. As a preliminary, we
shall introduce the concept of a possibility distribution and explicate its role
in PRUF?

2. POSSIBILITY AND MEANING

A randomly chosen sentence in a natural language is almost certain to contain
one or more words whose denotations are fuzzy sets, that is, classes of objects
in which the transition from membership to nonmembership is gradual rather
than abrupt. For example:

Hourya is very charming and intelligent.
It is very unlikely that inflation will end soon.

In recognition of his contributions, Mohammed is Hkely to be
promoted to a higher position

in which the italics signify that a word has a fuzzy denotation in the universe
of discourse.

For simplicity, we shall focus our attention for the present on canonical
propositions of the form “N is F.” where )V is the name of an object, a
variable or a proposition, and F is a fuzzy subset of a universe of discourse I,
For example:

{2.1) p2John is very tall
q 2 X is small
r £ (John is very tall) is not quite true

where:

In p, N £ John, and very fall is a fuzzy subset of the interval [0, 200]
(with the height assumed to be measured in centimeters).

In g, N & X and small is a fuzzy subset of the real line.
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In r, N # John is very tall, and not quite true is a linguistic truth-value
[77] whose denotation is a fuzzy subset of the unit interval.

Now if X is a variable taking values in U, then by the possibility distribu-
rion of X, denoted by Iy, is meant the fuzzy set of possible values of X, with
the possibility distribution function ny: U —= [0, 1] defining the possibility
that X can assume a value u. Thus,

(22) wx(@)2Poss {X=u}
with 7y () taking values in the interval [0, 1].

The connection between possibility distributions and fuzzy sets is pro-
vided by the

Fossibility Postulate. In the absence of any information about X other than
that conveyed by the proposition
(23) peXisF,

the possibility distribution of X is given by the possibility assignment

equation
(24) Ny=F.
This equation implies that

(2.5)  wx (@ =pr@)

where pp (1) is the grade of membership of u in F, ie., the degree to which
u fits one’s subjective perception of F.
As a simple illustration, consider the proposition

(26) p2XisSMALL
where SMALL is a fuzzy set defined by*
(2.7) SMALL=1/0+0.8/2+0.6/3 +0.4/4 +0.2/5.

In this case, the possibility assignment equation corresponding to (2.5) may
be expressed as
(28) Mx=1/0+08/2+06/3+04/4+02/5

with Ily representing the possibility distribution of X. In this case — and
more generally — the proposition p 2 V is F will be said to translate into the
possibility assignment equation

ﬂx"F
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where X is a variable that is explicit or implicit in V. To express this connec-
tion between p and the corresponding possibility assignment equation, we
shall write

(2.10) NisF-Ily=F.

When X is implicit rather than explicit in N, the possibility assignment
equation serves, first, to identify X and, second, to characterize its possibility
distribution. For example, in the proposition

(2.11) p 2 Clara has dark hair
A may be expressed as
X = Color (Hair (Clara))
and the possibility assignment equation reads

(2.12) 1 color (Hiir (Clara)) = DARK.

Before proceeding further in our discussion of the relation between
possibility and meaning, it will be necessary to establish some of the basic
properties of possibility distributions. A brief exposition of these properties
is presented in the following.

Joint, Margingl and Conditional Possibility Distributions

In the preceding discussion, we have assumed that X is a unary variable such
as color, height, age, etc. More generally, let X 2 (X,, ..., X;) be an n-ary
variable which takes values in a universe of discourse U'= U7 X . .. X Uy,
with X3, i =1, . .., n, taking values in [, Furthermore, let F be an n-ary
fuzey relation in 7 which is characterized by its membership function pp.
Then, the proposition

(2.13) p=XisF
induces an n-ary joint possibility distribution

. e =Ny . X
which is given by
(2.15) g, Gde sl

Correspondingly, the possibility distribution function of X is expressed
by
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TXy,.. Ly Ap) (Hli = ‘:HH]=-“'F ':Hla LR IHH]-
uE(uy, ... ,uy)EU

=Poss {Xy =uy,...,Xp=ty}.

As in the case of probabilities, we can define marginal and conditional
possibilities. Thus,let s 2 (iy, . . ., ;) be a subsequence of the index sequence
(1,...,n)and let 5’ denote the complementary subsequence s' £ (j,, .. ., jm)
(eg, forn=5,5=(1,3,4)and 5’ = (2, 5)). In terms of such sequences, a
k-tuple of the form (4;,, ..., A; ) may be expressed in an abbreviated form
as A(y). In particular, the variable X(g) = (X7, ..., Xj;) will be referred to as
a k-ary subvariable of X # (Xy, ..., X,), with X5y = (X;,, ..., X; ) being
a subvariable complementary to Xg.

The projection of Tix, . x, on Uy # Uy X ... X Uy is a kary
possibility distribution denoted by

(2.16) HX(” & PI'UjUU] ﬂ(xi v AR
and defined by
2.17) TX () (i) 2 supy o T (U, ... tp)
where TX(5) is the possibility distribution function of HX{”. For example,
forn=2,
HX] (ul}ésuplig Xy, Xa) (ullul}

is the expression for the possibility distribution function of the projection of
Hix, x,) on U;. By analogy with the concept of a marginal probability
distribution, [Ty i will be referred to as a marginal possibility distribution,

As a simple illustration, assume that n=3 U, =L, =U; =g + b or, more
conventionally, {a, b}, and My, | x,, x,) is expressed as a linear form

(2.18) Tx,,x, x5 =0.8a0a + laab + 0.6baa + 0.2bab + 0.5bbb
in which a term of the form 0.6baa signifies that
Poss {X;=b,Xo=a,Xs =al=06.

To derive My, x,) from (2.18), it is sufficient to replace the value of X
in each term in (2.18) by the null string A. This yields

Mix,, x;) = 0.8aa + lag + 0.6ba + 0.2ba + 0.5bb
= laa + 0.6ba + 0.5bb;

and similarly
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My, =la+0.6b +0.5b
= 1a+0.6h.

An n-ary possibility distribution is particularized by forming the conjunec-
tion of the propositions “X is F™ and “Xy) is G, where Xy is a subvariable
of X. Thus,

(2.19) Ty [y, =Gl *#FNG

where the right-hand member denotes the intersection of F' with the cylin-
drical extension of 7, i.e., a cylindrical fuzzy set defined by

(2‘20]' ”5(”[.---,”?‘!}__.#{; ':ul‘j?‘ ‘-1ufk]r
(Bys-n i )EL) X, XUy,

As a simple illustration, consider the possibility distribution defined by
(2.18), and assume that

Mix,. x,) =04aa+0.9ba + 0.1bb.

In this case,

(E = 0.4aaa + 0.4aab + 0.9baa + 0 9bab + 0.1bba + 0.1bbb
F G = 0.4aaa + 0.4aab + 0.6baa + 0.2bab + 0.15558;

and hence

X, . 12, X3 LX), X3 = 6]
0 dagg + 0.4aab + 0.6baa + 0.2bab + 0.155b,

There are many cases in which the operations of particularization and
projection are combined. In such cases it is convenient to use the simplified
notation

(2.21) X(r) I [HX(FJ =G]
to indicate that the particularized possibility distribution (or relation)

I [ X 7] is projected on L7, where r, like 5, is a subsequence of the
index sequence (1, . .., n). For example,

Xy X x5 0 [x,, x4 =Gl

would represent the projection of Il [y, x,) =G] on U, X U;. Informal-
ly, (2.21) may be interpreted as: Constrain the X by Il Yoy = & and read
out the X(y). In particular, if the values of X ;) — rather than %1eh possibility
distributions — are set equal to &, then (2.21) becomes
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Xin n [X(5) =G].
We shall make use of (2.21) and its special cases in Section 3.

If X and ¥ are variables taking values in U7 and ¥V, respectively, then the
conditional possibility distribution of ¥ given X is induced by a proposition
of the form “If X is F then ¥ is G” and is expressed as Il; ¥ | x;, with the
understanding that

(222) mylx) (Wlu)2Poss {Y=vIX=u}

where (2.22) defines the conditional possibility distribution function of ¥
given X. If we know the distribution function of X and the conditional
distribution function of ¥ given X, then we can construct the joint distribu-
tion function of X and ¥ by forming the conjunction ( ~ £ min)

(2.23)  mx, vy (,v)=nx(u) ~ myx) (lu).

Translation Rules. The translation rules in PRUF serve the purpose of facili-
tating the composition of the meaning of a complex proposition from the
meanings of its constituents. For convenience, the rules in question are
categorized into four basic types: Type 1: Rules pertaining to modification;
Type II: Rules pertaining to composition; Type III: Rules pertaining to
guantification; and Type I'V: Rules pertaining to qualification.

Remark, Translation rules as described below relate to what might be
called focused translations, that is, translation of p into a possibility assign-
ment equation. More generally, a translation may be unfocused, in which case
it is expressed as a procedure which computes the possibility of a database,
D, given p or, équivalently, the truth of p relative to D. A more detailed
discussion of these issues will be presented at a later point in this section.

Modifier rule {Type I). Let X be a variable which takes values in a universe
of discourse IV and let F be a fuzzy subset of U Consider the proposition

(224) p2XisF
or, more generally,
(225) p=NisF
where N iz a variable, an object or a proposition. For example,
(2.26) p*= Luciais young
which may be expressed in the form (2.24), ie.,
(227) p# Age (Lucia)is young
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by identifying X with the variable Age (Lucia).
Now, if in a particular context the proposition X is F translates into
(228) XisF—Iy=F

then in the same context
(229) XismF-Tlly=F

where m is a modifier such as not, very, more or less, etc., and F* is a modifi-
cation of F induced by m. More specifically: If m = not, then F* = F' =
complement of F,ie.,

(230) ppt(u)=1— pp(u), ucU.
If m = very, then F* = F? ie.,
(231) ppt(u)=pp2u)ucl.
If m = more or less, then F* =+/F ,ie.,
(232) ppt ()= pp @), ucl.
As a simple illustration of (2.31), if SMALL is defined as in (2.7), then
(233) Xisvery small » Iy = F*
where
F2=1/0+1/1+064/2+036/3+0.16/4 +0.04/5.

It should be noted that (2.30), (231)and (2.32) should be viewed as default
rules which may be replaced by other translation rules in cases in which some
alternative interpretations of the modifiers nof, very and more or less may be
more appropriate.

Conjunctive, Disjunctive and Implicational Rules { Type If).

It
(234) XisF-+ly=Fand YisG=>Iy=0G

where I and & are fuzzy subsets of UV and V, respectively, then
(235)(a) XisFand YisG =Ty, y)=FXG

where
(236) prx (U, v)* pF () ~ ug (¥).
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237 (0b) XisForYisG=>Ix yy=FUG
where

(238) FAFXV,GXUXG
and

(239) wpFuU G (W, v)=pp) ~ pg().

(240)(c) K XisFthen YisG=>Iyix=F &G

where Iy | x) denotes the conditional possibility distribution of ¥ given X,
and the bounded sum & is defined by

(241) uF' @ G, ) =1 A (1 — up) + ug(»).

In stating the implicational rule in the form (2.40), we have merely chosen
one of several alternative ways in which the conditional possibility distribu-
tion iy |y) may be defined, each of which has some advantages and dis-
advantages depending on the application. Among the more important of these
are the following [1], [41], [62]:

(242)(c;) IfXis Fthen YisG = Iy|xy=F UG;
(243)(c;) HXisFthen YisG=Iyln=FXGUF' X V;

(244) (cq) K XisFthen YisG = my|x) (vlw) =1 if pg(v) = pupu),

_ k()

pp(u)

(245)(es) HXisFthen Yis G =+ my|x) (vlu) =1 if pe(v) = pr(u),
=ue(v) otherwise.

otherwise;

Quantification Rule (Type IIT). If U= {u;, ..., ,uy}, O isa quantifier such
as many, few, several, all, some, most, etc., and

(246) XisF-Ty=F
then the proposition “QX is F7 (e.g., “many X"s are large™) translates into
(247) Ncount (p =2

where Count (F) denotes the number (or the proportion) of elements of [/
which are in F. By the definition of cardinality of F, if the fuzzy set F is
expressed as

(248) F=pyfuy +pgfu; +. .. +pyluy
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N
(249) Count ()= Z uy
i'=

where the right-hand member is understood to be rounded-off to the nearest
integer. As a simple illustration of (2.47), if the quantifier several is defined
as

(2.50) SEVERALZ20/1 +04/2+06/3+1/4+1/5+1/6 +06/7+0.2/8
then
(2.51) Several X's are large = [1y
EIJ-ILARGE (47)
=0/1+04/2+06/3+1/4+1/5+1/6+06/7+02/8

where ppapce(;) is the grade of membership of the i™ value of X in the
fuzzy set LARGE.

Alternatively, and perhaps more appropriately, the cardinality of F may be
defined as a fuzzy number, as is done in [79] . Thus, if the elements of F are
sorted in descending order, so that p, = y,, if n > m, then the truth-value of
the proposition

(2.52) p 2 F has at least n elements
is defined to be equal to y, , while that of g,
(2.53) g = F has at most n elements,

is taken to be 1 — py+1 . From this, then, it follows that the truth-value of the
proposition r,

(2.54) r2 F has exactly n elements,
is given by pp ~ (1 = pp+1).

Let F} denote F sorted in descending order. Then (2.52) may be expressed
compactly in the equivalent form

(2.55) FGCount (F)=F}

which signifies that if the fuzzy cardinality of F is defined in terms of (2.52),
with G standing for greater than, then the fuzzy count of elements in F is
given by F}, with the understanding that F} is regarded as a fuzzy subset of
{0,1,2,...}. Inasimilar fashion, (2.53) leads to the definition



