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Online convex optimization: mirror descent
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1 Bregmen Divergence (cont.)

Bregman divergence with respect to R:

DR(x, y) = R(x)−R(y)−∇R(y)(x− y) (1)

(cont.) Properties of Bregman divergence

• 5, Define Legendre dual
R∗(u) = sup

v
[u · v −R(v)] (2)

examples: R(x) = 1
2 ||x||

2
p ↔ R∗(x) = 1

2 ||x||q
2, where 1

p + 1
p = 1

• 6,∇R∗ = (∇R)−1

• 7, DR(u, v) = DR∗(∇R(x),∇R(u))

• 8, DR+f (x, y) = DR(x, y), if f(x) is linear

• 9, ∇xDR(x, y) = ∇R(x)−∇R(y)

• 10, If y minimize R (∇R(y) = 0) then DR(x, y) = R(x)−R(y)

2 Recap: online convex optimization

For t=1:T

• Player choose xt ∈ K (convex)

• Adversary choose lt(·) (convex)

Goal: minimize regret

RT =
T∑

t=1

lt(xt)− min
u∈K

T∑
t=1

lt(u) (3)

Consider the following family of algorithms:

xt+1 = arg min
x∈K

η

t∑
s=1

lt(x) +R(x) (4)
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for some R(·) convex.

Define Φ0(x) := R(x),Φt(x) := Φt−1(x) + ηlt(x)

Lemma 2.1. Suppose K = Rn, then for any u ∈ K

η

T∑
t=1

[lt(xt)− lt(u)] = DΦ0(u, x1)−DΦT
(u, xT+1) +

T∑
t=1

DΦt(xt, xt+1) (5)

Aside:
∑T

t=1 lt(xt) ≤ infu∈K [
∑
lt(u) + η−1DR(u, x1)] + η

∑T
t=1DΦt(xt, xt+1)

Proof. xt+1 minimizes Φt

∇Φt(xt+1) = 0⇒ DΦt(u, xt+1) = Φt(u)− Φt(xt+1)
Moreover, Φt(u) = Φt−1(u) + ηlt(u)
Conditioning:

(−) ηlt(u) = DΦt(u, xt+1) + Φt(xt+1)− Φt−1(u)
(+) ηlt(xt) = DΦt(xt, xt+1) + Φt(xt+1)− Φt−1(xt)

−−−−−−−−−−− −− −−−−−−−−−−−−−−−−−−−−−−−
η[lt(xt)− lt(u)] = DΦt(xt, xt+1) +DΦt−1(u, xt)−DΦt(u, xt+1)

Sum over t = 1 · · · · · ·T , we get the statement of the Lemma.
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Suppose ∇R(x1) = 0, Rn = K

xt+1 = arg min
x∈Rn

[ηlt(x) +DΦt−1(x, xt)] (6)

Statement: two definitions eq.4 and eq.6 are equivalent.

ηlt(x) = Φt(x)− Φt−1(x)
ηlt(x) +DΦt−1(x, xt) = Φt(x)− Φt−1(x) +DΦt−1(x, xt)

Suppose that definitions are equivalent for τ ≤ t, x minimizes Φt−1.

∇xDΦt−1(x, xt) = ∇xΦt−1(x)−∇xΦt−1(xt)
∇Φt(xt+1) = ∇Φt−1(xt) = · · · · · · = ∇R(x1) = 0

thus xt+1 = arg minx∈K Φt(x).

Suppose lt’s are linear functions abusing notation ”lt · x”.

Corollary 3.1. (1) η(
∑
ltxt −

∑
lt · u) = DR(u, x1)−DR(u, xt+1) +

∑
DR(xt, xt − 1) for any u ∈ Rn.

(2) xt+1 = ∇R∗(∇R(xt)− ηlt)
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Proof. (1)DΦt
= DR because Φt = R+

∑t
s=1 ls.

(2)

xt satisfies η

t−1∑
s=1

ls +∇R(xt) = 0

xt+1 satisfies η

t∑
s=1

ls +∇R(xt+1) = 0

−−−−−−−−−−−−−− −−−− −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
ηlt +∇R(xt+1)−∇R(xt) = 0
xt+1 = ∇R∗(∇R(xt)− ηlt)

Recall online gradient descent xt+1 = xt − ηlt.

Dual Space Mirror Descent

xt

xt+1

sR(xt)

-ηlt sR*

Figure 1: default

If R = 1
2 || · ||

1
2 , ∇R(x) = x, ∇R∗(x) = x.

If lt(·) are convex (but not necessary linear).

Lemma 3.2. If we choose xt+1 = arg minx∈Rn [η∇lt(xt)Tx+DR(x, xt)] (or equivalently xt+1 = arg min η
∑

[∇lt(xt)Tx+
R(x)]. Then

∑T
t=1(lt(xt)− lt(u)) ≤ η−1DR(u, x1) +

∑T
t=1DR(xt, xt+1)

Proof.
T∑

t=1

[lt(xt)− lt(u)] ≤
∑

(l̃txt − l̃tu) ≤ · · ·

4 Time-varying learning rate ηt

xt+1 = arg min
∑

ηsls(x) +R(x)

Lemma 4.1. K = Rn, Then for any u ≤ Rn,∑
t=1

T [lt(xt)− lt(u)] ≤
∑
t=1

Tη−1
t [DΦt

(xt, xt+1) +DΦt+1(u, xt)−DΦt
(u, xt+1)
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Definition A function g is σ-strong convex with respect to R if all x, y ∈ Rn, g(x) ≥ g(y) +∇g(y)T (x− y) +
σ/2DR(x, y)

lt(xt)− lt(u) ≤ l̃t(xt)− l̃t(u)− σt

2
DR(u, xt)

Final result:∑
[lt(xt)− lt(u)] ≤

∑
[l̃t(xt)− l̃t(u)− σt

2
DR(u, xt)]

≤
T∑
1

η−1
t DR(xt, xt+1) +

T∑
1

(η−1
t − σt

2
η−1

t−1)DR(u, xt) + (η−1
1 − σ1

2
)DR(u, x1)

Sketch of the proof: If we take ηt = ( 1
2

∑
s=1 tσs)−1, we obtain

∑
[lt(xt) − lt(u)] ≤

∑
η−1

t DR(xt, xt+1). If
R = 1

2 || · ||
2, regret≤ log(T ).


