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Online convex optimization: mirror descent

Lecturer: Sasha Rakhlin Scribe: Lei Shi

1 Bregmen Divergence (cont.)

Bregman divergence with respect to R:

Dg(x,y) = R(z) — R(y) — VR(y)(z — y) (1)
(cont.) Properties of Bregman divergence

e 5, Define Legendre dual
R*(u) = suplu - v — R(v)] (2)

v

examples: R(z) = 2|2 — R*(z) = H||2||¢?, where % + % -1

e 6,VR* = (VR)™!

e 7, Dp(u,v) = Dp«(VR(z), VR(u))

e 8, Dpis(x,y) = Dr(x,y), if f(z) is linear

e 9, V,Dg(z,y) = VR(z) — VR(y)

e 10, If y minimize R (VR(y) = 0) then Dr(z,y) = R(z) — R(y)

2 Recap: online convex optimization
For t=1:T

e Player choose x; € K (convex)

e Adversary choose l;(+) (convex)
Goal: minimize regret

T T
Ry = th(xt) - géiir%th(u) (3)

Consider the following family of algorithms:

t
Te41 = argming ; li(z) + R(z) (4)



2 Online convex optimization: mirror descent

for some R(-) convex.
Define ®¢(z) := R(z), P¢(x) := Py_1(z) + nlt(x)

Lemma 2.1. Suppose K = R", then for any u € K

T

T
0y [(ze) = 1i(w)] = Doy (u,71) = Doy (w,2741) + Y Do, (20,7411 (5)
t=1 t=1

Aside: EtT:1 li(z¢) <infuex D l(u) + 0~ Dg(u,x1)] + 1 Zthl Do, (xt, T41)

Proof. x;y1 minimizes
vq)t(aft+1) =0 = D‘I)t (’U/7$t+1) = @t(u) — (I)t(l't+1)
Moreover, ®¢(u) = ®;_q(u) + nls(u)

Conditioning:
(=) nl(uw) = Do, (u,ze41) + Pe(2e41) — Pe—1(u)
(+) nl(zt) = Do, (2, 0011) + Pr(w41) — Pro1(m4)
nlle(ze) —le(uw)] = Da, (24, 2441) + Da,_, (v, 2) — Do, (U, T411)
Sumovert=1------ T, we get the statement of the Lemma. O

3
Suppose VR(z1) =0, R*"=K

Tyy = arg ;g%g,[nlt(x) + Do, , (2, 7¢)] (6)

Statement: two definitions eq.4 and eq.6 are equivalent.

|
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~~
8

|
=
L
—
=

nle(x)
nle(z) + Do, ,(z,2) = Pu(z) — P4—1(2) + Do, , (7, 74)

Suppose that definitions are equivalent for 7 < ¢, x minimizes ®;_.

Vmen_l(m,ft) = qu)t—l(x) - Vz@t—l(xt)
VOi(xir1) = VOi_q(xy) =+ = VR(z1) =0

thus x411 = arg minge x D¢(z).

Suppose I;’s are linear functions abusing notation ”[; - .

Corollary 3.1. (1) n(>-lLixy — > 1y -u) = Dr(u,21) — Dr(u,2441) + > Dr(z¢, 2y — 1) for any u € R™.
(2) w41 = VR*(VR(z:) —nly)
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Proof. (1)Dg, = Dg because ®; = R+ ' _, I,
(2)

t—1
x¢ satisfies nle + VR(z,) =

s=1

t
X411 satisfies 7 Z ls+ VR(z¢41) =0
s=1

Nl + VR(zt41) — VR(x¢) =0
Ty = VR (VR(z¢) — nly)

Recall online gradient descent z;11 = x¢ — nly.

Dual Space VR(x) Mirror Descent

Figure 1: default

IfR=1-||2, VR(z)=z, VR*(z)=uz.
If [;(-) are convex (but not necessary linear).

Lemma 3.2. If we choose 7441 = arg mingegn [nVii (7)) 2+Dg(z, 7;)] (or equivalently z; 1 = argminn > [V ()T 2+
R(z)]. Then i, (L(w:) — Li(w)) < 0~ ' Dr(u,a1) + Si_y Dr(we, i41)

Proof.

T
Sl — )] < Y — ) <
t=1

4 Time-varying learning rate 7
sesn = argmin 3 n.dy (o) + R(a)
Lemma 4.1. K = R"™, Then for any u < R"™,

ZT [le(we) — 1 (uw)] < ZT% [Ds, (zt,2¢41) + Da, ., (u, 2t) — Do, (U, T411)
t=1
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Definition A function g is o-strong convex with respect to R if all z,y € R™, g(z) > g(y) + Vg(y)' (z —y) +
0/2Dp(z,y)

() = (w) < B(ae) = b(w) — 5 Dr(u.ay)
Final result:
D ole@) = L) <Y l(we) = lo(u) - %DR(%%)]
< Y on'Drl@nm) + Y (' — %nt_—ll)DR(uaxt) + (- %)DR(val)
1 1

Sketch of the proof: If we take n; = (3 3°,_, tos) ™1, we obtain > [li(z¢) — l(w)] < Y n; 'Dr(2e, 441). If

R = 1| -|]?, regret< log(T).



